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Abstract. We prove a local index formula in conformal geometry by computing the Connes- 
Chern character for the conformal Dirac (twisted) spectral triple recently constructed by Connes- 
Moscovici. Following an observation of Moscovici, the computation reduces to the computation 
of the CM cocycle of an equivariant Dirac (ordinary) spectral triple. This computation is 
obtained as a straightforward consequence of a new proof of the local equivariant index theorem 
of Patodi, Donelly-Patodi and Gilkey. This proof is obtained by combining Getzler's rescaling 
with an equivariant version of Greiner's approach to the heat kernel asymptotic. It is believed 
that this approach should hold in various other geometric settings. On the way we give a 
geometric description of the index map of a twisted spectral in terms of (twisted) connections 
on finitely generated projective modules. 



1. Introduction 

Motivated by type-Ill geometric situations in which an arbitrary group of diffeomorphisms acts 
on a manifold, Connes-Moscovici |CM2] introduced the notion of a twisted spectral triple. This is 
a modification of the definition of an ordinary spectral triple {A,H,D), where the boundedness 
condition on commutators [D, a], a g is replaced by the boundedness of twisted commutators 
defined in terms of an automorphism a of the algebra A. Examples include conformal deformation 
of spectral triples ([CM2]), Dolbeaut spectral triple over the noncommutative torus ( jCT| . see 
also [FK]), and the conformal Dirac spectral triple (C°°(M) x G,Ll{M,^), pg)„, wheiep^ is the 
Dirac operator acting on spinors and G is a group of conformal diffeomorphisms ([CM2]). (We 
refer to Section [3] for a review of these definitions and examples.) 

As shown by Connes-Moscovici |CM2) . the datum of a twisted spectral {A,H,D)a- gives rise 
to an index map ind^i.cr : Kq{A) — Z, where Ko{A) is the K-theory of A. Furthermore, this is 
computed by pairing Ko{A) with a Connes-Chern character that lies in ordinary cyclic cohomology 
(see |CM2] ). The question that naturally arises is whether the framework for the local index 
formula in noncommutative geometry of Connes-Moscovici |CM1) can be extended to the setting 
of twisted spectral triples, i.e., whether the Connes-Chern character can be represented by a 
version of the CM cocycle for twisted spectral triples. 

Moscovici |Mo2] devised an Ansatz for a local index formula for twisted spectral triples and 
showed the Ansatz is verified in the case of an ordinary spectral triple twisted by scaling automor- 
phisms. An example of such a twisted spectral triple is given by a conformal Dirac spectral triple 
(C°°(S") X G,Lg(M, Pg)cr associated to the round sphere S" and a group G of similarities 
(i.e., a parabolic subgroup of PO(n -|- 1, 1) fixing a point). Whether Moscovici's Ansatz holds for 
other twisted spectral triples remains an open question to date. 

By the Ferrand-Obata theorem, the group of conformal diffeomorphisms of a compact manifold 
M" is compact, unless M" is conformally equivalent to the round sphere Using this fact 
Moscovici |Mo21 Remark 3.8] observed that, in the non-conformally-flat case, the conformal Dirac 
spectral triple {C°°{M) x G, L'^{M,^), Pg)a is equivalent to the conformal deformation of an 
(ordinary) equivariant Dirac spectral triple {C°°{M) x G, L'^{M, Pg), where g is a G-invariant 
metric. As a result, the Connes-Chern character of (G°°(Af) x G, L'^{M, Pg)a is represented 
by the CM cocycle of that equivariant Dirac spectral triple. 
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The aim of this paper is threefold. First, after a review of the main definition and properties 
of twisted spectral triples, we give a geometric definition of the index map of a twisted spectral 
triple in terms of twisted connections on finitely generated projective modules (Proposition 14.3] ). 
This description parallels the description for ordinary spectral triples given in |Mol| . 

Second, in the non-conformally-flat case, we compute the Connes-Chern character of the con- 
formal Dirac spectral triple (C°° (Af ) xi G, L'^{M, ^) , Pg)a in terms of universal polynomials of the 
curvature of M (see Theorem 16.61 for the precise statement). This is done by using Moscovici's 
observation and computing the CM cocycle of the equivariant Dirac spectral triple. In particular, 
at level of Hochschild cohomology, the Connes-Chern character agrees with Connes's fundamental 
class [M/G]. 

The computation of the CM cocycle of the equivariant Dirac spectral triple can be deduced from 
results of Chern-Hu [CH| . Chern-Hu's arguments rely on the equivariant asymptotic Clifford pseu- 
dodifferential calculus of [LYZ] . where it was developed to give a new proof the local equivariant 
index theorem by Patodi [Pa], Donnelly-Patodi [DP] and Gilkey [Gj (see also [M iBVl lITZl ILM] V 

The third aim of this paper is to give a new proof of the local equivariant index theorem which, 
as an immediate byproduct, yields an elementary calculation of the CM cocycle of an equivariant 
Dirac spectral triple. Recall that, given a compact spin Riemannian manifold {M"',g) (n even) 
and a smooth isometry (j) preserving the spin structure and acting on L^-spinors by the unitary 
operator U^, the local equivariant index theorem establishes that, for all / e C°°(M), 

(1.1) Sti\fe-*^s>uJ = [ fuj + 0{t) ast^O+, 

where Af^ is the fixed-point set of cj) and the form a; is a universal polynomial in (/>' and the 
curvatures of M'^ and its normal bundle (see Section [S] for the precise statement). This result 
implies the equivariant index theorem of Atiyah-Segal-Singer (ASi IASi2] . which is a fundamental 
generalization of Lefschetz's fixed-point formula to elliptic complexes and isometries with non- 
isolated fixed-points. 

The original proofs of the local equivariant index theorem by Patodi, DonncUy-Patodi and 
Gilkey involved Riemannian invariant theory. We refer to [Bll IBVl ILYZl .LMJ for more analytical 
treatments. Our approach is an equivariant version of the approach of [Polj to the proof of the 
local index theorem and the computation of the CM cocycle of a (non-equivariant) Dirac spectral 
triple. Namely, it combines the rescaling of Getzler [Ge2] with an equivariant version of the 
approach to the heat kernel asymptotic of Greiner [Grj . 

In order to compute the CM cocycle of an equivariant Dirac spectral triple we really need a dif- 
ferentiable version of the local equivariant index theorem, that is, a version of the asymptotic (jl.ip . 
where the function / is replaced by a differential operator. As it is based on the representation of 
the heat kernel as the kernel of a Volterra ^DO, Greiner's approach to the heat kernel asymptotic 
immediately produces differentiable heat kernel asymptotics. Furthermore, these asymptotics are 
straightforward consequences of Taylor's formula and elementary properties of Volterra ^fDOs. 

There is no difficulty to extend Greiner's approach to the equivariant setting by working in 
tubular coordinates (see Section [7|). In the equivariant setting too, differentiable asymptotics are 
produced as consequences of Taylor's formula and elementary properties of Volterra 5'DOs. In 
particular, no use is made of the stationary phase method. 

Once the differentiable equivariant heat kernel asymptotics are established, we may apply the 
approach of |Pol| . As observed |Pol| . the rescaling of Getzler [Ge2) naturally defines a filtration 
on Volterra 5'DOs. Thereby this defines a new notion of order for these operators, which is called 
Getzler order. The convergence of the supertrace stated in (jl.ip then follows from elementary 
considerations on Getzler orders of Volterra 4'DOs (see Lemma [9321) • 

Notice that in the proof of the local equivariant index theorem there is a tension between 
between the tubular coordinates in which the equivariant heat kernel asymptotics are derived 
and the normal coordinates in which the Getzler's rescaling is performed. In our approach, this 
tension is taken care of by means of an elementary application of the change of variable formula 
for symbols of pseudodifferential operators. 



The arguments of our approach are fairly general and produce a differentiable version of the 
local equivariant index theorem. As a result, a straightforward elaboration of those arguments 
enables us to compute the CM cocycle of an equivariant Dirac spectral triple (see Section ^ . It 
is believed that this approach to the local equivariant index theorem and the computation of the 
CM cocycle of an equivariant Dirac spectral triple could be used in various geometric situations. 
Therefore, this should be a useful tool to reformulate the equivariant index theorem and the 
Lefschetz fixed-point formula in various new geometric settings. 

The paper is organized as follows. In Section [51 we review the local index formula in non- 
commutative geometry. In Section [31 we review some important examples of twisted spectral 
triple, including the conformal Dirac spectral triple. In Section [H we give a geometric description 
of the index map of a twisted spectral triple. In Section [5l we review the construction of the 
Connes-Chern character of a twisted spectral triple. In Section [6l we compute the Connes-Chern 
character of the conformal Dirac spectral triple. In Section [71 we review the Volterra calculus and 
the pseudodifFerential representation of the heat kernel. In Section [51 we derive equivariant heat 
kernel asymptotics. In Section [SI we prove the local equivariant index theorem and complete our 
computation of the Connes-Chern character of the conformal Dirac spectral triple. 

2. Spectral Triples and Connes-Chern Character 

In this section, we recall the framework for the Connes-Chern character and CM cocycle of an 
ordinary spectral triple. 

Definition 2.1. A spectral triple {A, 1-1,0) consists of the following data: 

(1) A 'L2-graded Hilbert space T-L — T-L^ ® "HT . 

(2) An involutive unital algebra A represented by bounded operators on % preserving its Z2- 
grading. 

(3) A selfadjoint unbounded operator D on H such that 

(a) D maps doiaDnU^ toH^. 

(b) The resolvent [D + i)^^ is a compact operator. 

(c) a(domD) C domD and [D, a] is bounded for all a £ A. 

In the sequel, we shall further assume that the algebra A is closed under holomorphic functional 
calculus. The paradigm of a spectral triple is given by a Dirac spectral triple, 

(C°^{M),LI{M,$),P^), 

where (M" , is a compact spin Riemannian manifold [n even) and p ^ is its Dirac operator acting 
on the spinor bundle ^. 

The datum of a spectral triple {A, "H, D) defines an additive index map, 

indc : A'o(^) — > 
indn[e] := indDg Ve e Afq(y^), = e* = e, 

where De is the operator e{D ® 1) : e(domD)'' — )■ eW^. This is a selfadjoint Fredholm operator. 
With respect to the orthogonal splitting eT-L'' = e{T-i^Y © e{'H~)'^ it takes the form, 

= (^^^ y Df : e(domi? n ^ e{n^y. 

We then define the index ind to be the usual Fredholm index ind . This is an invariant of 
the X-theory class of e. Moreover, the selfadjointness of implies that (-D^)* = . Thus, 

(2.1) ind De = ind D+ = - ind = dim ker D+ - dim ker . 

Notice also that the index map can be equivalently described in terms of connections on finitely 
projective modules (see |Molj ). 

The index map is computed by pairing the if-theory of A with a cyclic cohomology class 
Gh{A,D), called the Connes-Chern character f [Co2[ [Co3] ). (We refer to |Co3| for background on 
cyclic cohomology and its pairing with K-theory.) 
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In order to define the Connes-Chern character of the spectral triple {A,H,D), we need to 
further assume that it is p+-sumniable for some p > 1, i.e., 

(2.2) fik{D^^) = 0{k^p) asfc^oo, 

where iJLk{D~^) is the {k + l)-th eigenvalue of \D\^^ counted with multiplicity. 

Given any integer k > the Connes-Chern character Ch(^,_D) is represented by the cyclic 
CO cycle, 

(2.3) ri>,{a°^--- ,a^'):^^j^Stv{D-^[D,a"]---D-'[D,a^']}, e A, 

where Str is the supertrace on C^CH), i.e., Str[r] Tr[7r], where 7 :— id^+— id^- is the 
Z2-grading operator. Moreover, the class of in the periodic cyclic cohomology HP''^(^) is 
independent of the value of fc > 

The definition (12. 3p of the cocycle T2k involves the usual (super)trace, which is not a local 
functional. As a result this cocycle is difficult to compute in practice (see, e.g., |BFj ) . To rem- 
edy this Connes-Moscovici |CM1] constructed a (periodic) representative of the Connes-Chern 
character, the so-called CM cocycle, whose components are given by formulas that are local in 
the sense that they involve an analogue of the noncommutative residue trace of Guillemin |Gu) 
and Wodzicki [Wp]. We shall now review the main facts of the construction of the CM cocycle 
in [DMT] . 

Consider the unbounded derivation of defined by 

(2.4) 5{T):=[\D\,Tl doni 5 := {T e C{n);[\D\,T] e C{n)} . 

The spectral triple (yl, D) is said to be regular when a and [D, a] are contained in nj>o domJ^ 
for all a ^ A. Assuming [A, H, D) to be regular, we denote by B the sub-algebra of £('H) generated 
by the grading operator 7 and the operators 5^ {a) and 5^{[D, a]) where a & A, j >0. 

In addition, we say that {A^T-L^D) has a simple and discrete dimension spectrum when there 
exists a discrete subset E C C such that, for every b G B, the zeta function Cb{z) ■— Tr[6|_D|~^] 
has a meromorphic extension to C in such way to be holomorphic outside E and to have at worst 
simple pole singularities on E. 

From now on we assume that {A, 1-1,0) is regular and has a simple and discrete dimension 
spectrum. This enables us to construct a class of pseudo differential operators for the spectral 
triple {A, H, D) as follows. Let '^'^^{A), g € C, be the space of unbounded operators P onH such 
that the domain of P contains PlsgR dom and P has an asymptotic expansion of the form, 

(2.5) Po^Y^b.D^-^, b,eB, 

j>Q 



in the sense that, for all A'^ € N and s e M, 




As shown in pIT] it holds that (yl)^'g (yl) c *|5+''=(^), so that ^^^^iA) ^ Ug^c^^^iA) 
is an algebra. In addition, for all P G ^'^^(yl), q € C, the function 2; — Tr has a mero- 

morphic extension to the entire complex plane with at worst simple pole singularities contained 
in g + E. We then set 

(2.7) ^P:=Res^=oTr[F|i:'|-2-] VP G *^(yt). 

As it turns out, this defines a linear trace on the algebra 'i'*j2,{A) (see [CMlj V Notice that the 
residual trace / is local in the sense that it vanishes on all operators P G ^'jj{A) with < —p, 
since those operators are trace-class. 

For instance, a Dirac spectral triple (^C°° (M), L'^{M, ^),pg^ is n'*'-summable and regular (with 

n = dimM), and it has a discrete dimension spectrum contained in {fc G N; k < n}. Moreover, 
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each space q G C, is contained in the space of classical VPDOs of order q and the residual 

trace f agrees with the noncommutative residue trace of Guillemin [Guj and Wodzicki [Woj . 

In the sequel, for P € we denote by P^^\ j > 0, the j-th iterated commutator of P with 

_D^, that is, 

j times 

(2.8) P[J1 =\D^,[Di---[D^',P] ■■■]]. 

Theorem 2.2 (' [CMlj 'l. Suppose that the spectral triple {A^H^D) is -summable, regular and 
has a simple and discrete dimension spectrum. 

(1) The following formulas define an even periodic cyclic cocycle ip'~^^ = {f2k)k>o on the 
algebra A: 

(2.9) (^o(a°) = Res,=or(z)Str[a°(|I?r^+no)] (fc - 0), 

(2.10) ^2fc(a°, • • • , a"^) = J2 ^kJi<^° [D, a'] ■■■[D, a^'^] ^"^'^ (fc > 1), 

where Hq is the orthogonal projection onto ker D and 

(-l)l"lr(|a| +A:) 



^^'^^^ ^"^'"^ a!(ai + !)••• (ai + ---+a2fe +2fc)- 

(2) The CM cocycle (p'~^^ represents the Connes-Chern character Ch.{A,D) in periodic cyclic 
cohomology, and hence 

(2.12) indcN = (¥'^'^,e) Ve € ii'o(^). 

Example 2.3. For a Dirac spectral triple (^C°°(M), ^^(tv/^ ^)^^^^ ^ the CM cocycle (yC™ = {^2k)k>o 
is given by 

V2k{f ^^^^ f fdf^A---Adf^'^AA{R™), f^eC^{Ml 



{2k) 



M 



where A (i?^*^) := det = {^ s\nh(R™ /2) ) ^-form of the Riemann curvature of (M, g) (see [CMll 

Remark II. 1], [Pol])- As a result, the index formula (j2.12p gives back the index theorem for Dirac 
operators of Atiyah-Singer f |ASill E5i2] ). 

3. Twisted Spectral Triples. Examples 

In this section, we review some main definitions and examples regarding twisted spectral triples. 
Twisted spectral triples were introduced in |CM2| . Their definition is similar to that of an 
ordinary spectral triple, except for some "twist" given by the condition (3)(c) below. 

Definition 3.1. A twisted spectral triple {AjU, D)^ consists of the following: 

(1) A lj2-gfo,ded Hilbert space % = T-L^ © . 

(2) An involutive unital algebra A represented by bounded operators on T-L preserving its Z2- 
grading and equipped with a automorphism a : A ^ A. 

(3) A selfadjoint unbounded operator D on H such that 

(a) D maps dom D O to . 

(b) The resolvent {D + i)^^ is a compact operator. 

(c) a(dom_D) C domD and [D, a]^ :— Da — <j(a)D is bounded for all a £ A. 

An important class of examples of twisted spectral triples arises from the conformal deformation 
of an ordinary spectral triple {A,H,D). Let ft, be a selfadjoint element of A such that e'^ G A 
(this condition is automatically satisfied if A is closed under holomorphic functional calculus). If 
we think of D as providing us with the inverse of the metric of (.4, -D), then it stems for reason 
to define a conformal deformation of this metric as being provided by the operator, 

(3.1) Dh -.^ e^^De-i. 
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As it turns out, {A^H, Dh) is not a spectral triple in general, but it can be turned into a twisted 
spectral triple. Namely, we have 

Proposition 3.2 ( [CM2p . Let <Jh A ^ A be the automorphism defined by 
(3.2) ah{a) := e-'^ae'' Va G A 

Then {AjJi, Dh)^^ is a twisted spectral triple. 

We also can obtain a twisted spectral triple by twisting {A^H, D) by scaling automorphisms ( |Mo2| V 
A scaling automorphism of {A^T-L^D) is a unitary operator U e 'C('H) such that 

UAU* = A and UDU* = \{U)D with X{U) > 0. 

Denote by G the group of scaling automorphisms of the spectral triple {A,H,D). Observe that 
the map f7 — > A(C/) is a character of G. We refer to Remark 13.61 for geometric examples of scaling 
automorphisms . 

In the sequel, we denote by .4 xi G be the (discrete) crossed-algebra of A and G and we represent 
it as the sub-algebra of £{71) generated by operators of the form all with a E A and U E G. 

Proposition 3.3 ( |Mo2) '). Let a: AytG—i'AyiG be the automorphism defined by 

a{aU) := \{U)-^aU Va G V?7 G G. 

Then {A x G, 1-1,0)^ is a twisted spectral triple. 

Another interesting example of twisted spectral is the twisted spectral triple of Connes-TretkofF [CT] 
over the noncommutative torus y^e, 6* G M \ Q (see also |FK) ) . Recall that Ae is the algebra, 

Ae = {j^a^.nC/^F"; (a™,„) G ^(Z^)} , 

where U and V are unitaries of L'^{S^) such that VU = e^"^C/V^ and S{1?) is the space of rapid 
decay sequences (am,n)m,n& with complex entries. 

The (anti-)Cauchy-Riemann operator d : Ae ^ Ae is given by 

d = 5i+ iS2, 

where dj : Ae — > Ae, j ~ 1,2, are the canonical derivations defined by 

Si{U) = U, d2iV)^V, Si{V)^S2iU)^0. 
In addition, we denote by r : Ae — > C the unique normalized trace of Ae-, i.e., 

T(5]a™,„C/™T/") =aoo. 

Let AI'° be the subspace of Ae spanned by "holomorphic 1-forms" adb, where a and b range 
over Ae- We denote by H^''^ the Hilbert space obtained as the completion of AI'° with respect to 
the inner product 

{aidbi,a2db2) = T {alai{dbi){db2y) , a' ,V G Ae. 

Let h G Ae, h* = h, and let ip ; Ae C be the functional defined by 

(p{a) := T (ae"^'') Va G Ae- 

We denote by H^p be the Hilbert space obtained as the completion of Ae with respect to the inner 
product, 

(a, b)^ ip{b*a) = r (6*ae"^'') , a, 6 G Ae- 

In addition, we let 9^ : domdip C Hip — > be the closed extension of d with respect to the 
inner products of and "H^'^. We denote by 9* its adjoint; this an operator from domd^ C H^''^ 
to Hip. Then on the Hilbert space H := H,^ © H^'^ we can form the twisted Dolbeault-Dirac 
operator. 

Dip = , domZ? = domdip ® dome)* . 
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Let A°f^ be the opposite algebra of Ae, i.e., the algebra Ae with product a -"p h :— ba, a,b G Ae- 
We equip Ae with the automorphism (T/j : Ag^ — > Ag^^ defined by 

<7hia) :^ e-''ae'' WaeAg^. 

Furthermore, we represent the elements of Ag^^ as bounded operators on H by means of the 
representation ttJ^^ : Ag^ ^{T~Q defined by 

7r°P(a)e :=ec^(a) Va G G 

Proposition 3.4 ( }CTj ). The triple {Ag^ ,H, D^p)^^ is a twisted spectral triple. 

The main focus of this paper is the twisted spectral triple in conformal geometry constructed by 
Connes-Moscovici jCM2j . The remainder of this section is devoted to a review of its construction. 

Let (M",(7) be a compact spin oriented Riemannian manifold (n even). We shall denote by 
Pg : C°° (M, ^) — C°° {M, ^) its Dirac operator acting on the sections of the spinor bundle 

,^ = (B ■ We also denote by L'^g{M,f) the corresponding Hilbert space of L^-spinors. 

Let G be the identity component of the group of conformal diffeomorphisms of M that preserves 
the orientation and the spin structure. If : M — M is such a diffeomorphism, then there is a 
unique function € C°° {M, R) such that 

(3.3) 0*5 = e^'^^g. 

In addition, uniquely lifts to a unitary vector bundle isomorphism 0^ : ^ — > (j)*^, i.e., a unitary 
section of Hom(^,</.*^) (see [BG]). We then let U^, : Ll{Mj) Ll{Mj) be the bounded 
operator defined by 

(3.4) U4,u{x) = (j)^ {uo ^-\x)) yue Ll{Mj)yx € M. 

The map — ?> f/^ is a representation of G in L'^{M, but this is not a unitary representation. 
In order to get a unitary representation we need to take into account the Jacobian |0'(a;)| of G G. 
This is achieved by considering the unitary operator : L'^{M,^) — > L'^{M,^) defined by 

(3.5) F^ = e^"''*C/^, 0eG. 

Then — >■ is a unitary representation of G in L'^{M,^). This enables us to realize the crossed- 
product algebra A := C°°{M) x: G as the sub-algebra of C [L'^{M,^)) generated by operators of 
the form fV^, with / e C°°{M) and cj) e G. 

The conformal invariance of the Dirac operator ([Hit]) implies that 

V^pgV; =e'^pge-^ \f<P€G. 
In addition, consider the automorphism cr : G°°(Af) xi G — > G°°(Af) x: G defined by 

(3.6) aifV^,) e''^ fV^ V/ G G°°(M) V0 G G. 

Proposition 3.5 f |CM2] ). The triple (c°°{M) x G,Ll{M,^),p^ is a twisted spectral triple. 

In the sequel, we shall refer to ^G°°(Af) x: G, L^{M,^)^ p^^ as the conformal Dirac spectral 
triple. 

Remark 3.6. Suppose now that {M,g) is the round sphere (S",(7o)- Then G agrees with the 
identity connected component PO(n + 1, l)o acting by Mobius transformations. If we restrict 
ourselves to the parabolic subgroup P C G fixing the North Pole, then P is a group of similarities 
and acts on the spectral triple {C°° {S"-), L'^^{E>'^ , p^^) by scahng automorphisms. 
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4. The Index Map of a Twisted Spectral Triple 



In this section, we give a geometric description of the index map of a twisted spectral triple in 
terms of twisted connections on finitely generated projective modules. 

Let {A,'H,D)a be a twisted spectral triple. As observed in |CM2] . the datum of {A,'H,D)„ 
gives rise to a well-defined additive index map, 

indc,. : Ko{A) Z, 

(4.1) indi5,„[e] indDe,^ \/e e Mq{A), ^ e. 

where I?e,o- is the operator a{e){D (g) 1^) : e(dom_D)'^ a{e)'H''. The operator D^m is Fredholm, 
and with respect to the splittings eW = e{n+y ® e{n-y and a{e)W = cr(e)(H+j« ® a{e){n-y 
it takes the form, 

De,a = (^^+ , Dt, : e(domi5 n U^Y -> a(e)(HT)'. 

In general, D^ u is not selfadjoint (unless (T(e) = e*), so we define its index by 

indDe,^ i (indD+^ - indD;;^) , 

where indD^^. is the usual Fredholm index of Df^. In view of (|2.ip . when a = id this definition 
of the index map agrees with that given in Section [2l 

We shall now give a more geometric description of the above index map (compare [MoT]). Let 
£ be a finitely generated projective right-module, i.e., £ = eA'^ with e G Mq{A), = e. Set 
:= a{e)A'^ and let : £ ^ he the ^-module map defined by 

Notice that both £ and £" inherit a Hcrmitian structure from the canonical Hermitian structure 
of A'' defined by 

' = E f"'^ ^ = ) and 77 = (77, ) in ^« . 

Following [CM2j we consider the space of twisted 1-forms, 

= {T.ailDM]^ ■■ aiM e A}. 
This is naturally an [A, ,4)-bimodule, since 

a^{a^[D,b%)b^ = a^a^[Dyh\ - a^a^(j{b^)[D,b\ E A. 

In addition, consider the linear map da ■ A ^ ri)^ g. defined by 

d^a := [D,a]a- Va £ ^. 
This is a cr-derivation, in the sense that 

drj(ab) = {da-a)b + a^ajd^b Va, 6 G .4. 
Definition 4.1. ^ a-connection on £ is a C-linear map V : £ — > 5°^ 0^ ri]^ ^ smc/i that 
V(^a) = (Ve)a + cr^(^)®d^a G £ Va G yt. 

An example of cr-connection is the Grassmannian a-connection Vq defined by 

Voc = ^7(e)(d.e,) ve-(o)e£. 

Moreover, the space of cr-connections is an affine space modeled on IIom_4(£, f*^). 

Let V be a cr-connection on £. Using V we can twist D into a new operator as follows. Recall 
that A naturally acts on T-L and this action preserves dom D. We denote by £ T-L the Hilbert 
space obtained by completing the algebraic tensor product with respect to the inner product, 

(a ®Tii,^2®m) = im , (Ci , 6)'72) VCj e£yr,,eH. 

We similarly define the Hilbert spaces £'^ H and £ (E)a domD, where domZ? is equipped with 
its (Hilbertian) graph norm \\^\\d := + ll-DClPi C ^ domD. 
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Definition 4.2. The operator -D^.v : cloniZ? (g)^ "H — > ®a 'H *s defined by 
where (V^)ry /las the following meaning: 

«/ = E ^i^j&S^^^D^, then 

In case V is the Grassmannian cr-connection Vq, the operator -Df ,Vo agrees with the operator 
De considered in (I4.ip . Recah that this operator is Fredholm. Moreover, if Vi and V2 are two 
(T-connections, then they differ by an element T e Hom_4(£, and hence i?£,Vi and Dgy^ 
differ by T (g) 1-^ which is a bounded operator from £ (g)^ "H to E"^ 0^ "H. It then foUows that all 
the operators Dgy are Fredholm. 

In addition, with respect to the splitting £ H — {£ T~L^) ® {£ ®a T~L~) and the similar 
splitting for £ (g)^ T-L, the operator I3£,v takes the form. 



D^y 



where Df^ maps £ (g)^ (domi? n H ) to (g^ H^. We then define the index of Dgy as 

indlJf^v — 2 (i^'^^f V ^ indZ)^ 



where ind y is the usual Fredholm index of y . 

When V is the Grassmannian a-connection we recover the index (14. ip . Moreover, as -D^ y 
depends on the datum of the cr-connection V only up to a bounded operator from £ "H* to 
£'^ (gyl'H^, its Fredholm index is actually independent of that datum. Therefore, we arrive at the 
following statement. 

Proposition 4.3. For any a-connection on £ , 

ind_D,o-['?] = indDf^v 

5. The Connes-Chern Character of a Twisted Spectral Triple 

In this section, we recall the construction of the Connes-Chern character of a twisted spectral 
triple. 

As for ordinary spectral triples, the index map of the twisted triple (AyH, D)„ can be computed 
by pairing Kq{A) with some cyclic cohomology class. More precisely, we have 

Theorem 5.1 ( |CM2] 1. Assume that {A,H, D)^- is -summahle in the sense of i2.'^) . 

(1) For any integer k > ■^{p — 1), the following formula defines a cyclic cocycle on A, 

1 i,| 

(5.1) r,^:-(a", . . . , a"^) := ^^ Str {D~'[D, 0% ■ ■ ■ D-'[D, , € A. 

(2) The class of t^^^'^ in the periodic cyclic cohomology HP'^^(y^) is independent of k. 

(3) For all e e Ko(A), 

indi5,^[e] {r^k^^e). 

Chern character of [A, %, D)a 



Definition 5.2. The class of r^f.''^ in HP'^^(^) is denoted Ch{A, D)„ and is called the Connes- 



For instance, suppose that {A,'H,T>)a is the conformal deformation of some p^-summable 
ordinary spectral triple {A^H^D), i.e., {A,'H,T>)„ — {A^H, Dii)^^ ^oi some h £ A, h* = h, 
where Dk = e"^ De~^ and <Th{a) ~ e^^ae^ . Then we can check that 



r,^.--^ (a°, • • • , a^'^) = i Str [A a. (a°)] • • • [A ^1 (a^'^)] } 



' ' 2 (2fc)! 
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where is the cocycle (|2.3p that defines tlic ordinary Connes-Chern character of {A, H, D). This 
shows that t^'"'^'' and are homotopically equivalent, and hence define the same class in the 
cyclic cohomology. Therefore, we obtain 

Proposition 5.3 f [CM2| l. For all h e A, h* = h, we have 

Ch{A,e-^De-^),, = Ch{A,D) e HP™(yt). 

The natural question that arises is to find a local representative for the Connes-Chern character 
Ch{A,D)„, i.e., an analogue of the CM cocycle ([Q- ifSJO)) (see [CMl])- Moscovici [Mo^ devised 
an Ansatz for such a local representative and proved that the Ansatz is verified in the case of an 
ordinary spectral triple {A^H, D) twisted by scaling automorphisms (cf. Proposition l3.3p . provided 
that {A, %, D) is regular and has simple and discrete dimension spectrum. To date this is the only 
example of twisted spectral triple known to verify Moscovici's Ansatz. 

6. The Connes-Chern Character of the Conformal Dirac Spectral Triple 

Our aim in this section is to give a geometric expression for the Connes-Chern character of the 
conformal Dirac spectral triple, the construction of which was recalled in Section |31 

Throughout this section we shall use the same notation as in Section [31 In particular, {M'^,g) 
is a closed spin oriented Riemannian manifold {n even) with Dirac operator : C°° (M, ^) — )■ 

C°°(Af,^), where ^ = ^+ is the spinor bundle of M. We also denote by L^iM,^) the 
corresponding Hilbert space of L^-spinors. In addition, G is the identity component of the group 
of conformal diffeomorphisms of M that preserve the orientation and the spin structure. 

Using the automorphism ct of ^ defined by (|3.6p . Proposition l3.5l asserts that {A, L'^{M, ^),pg)a 
is a twisted spectral triple. 

By Ferrand-Obata Theorem [Kj (see also [Sc]) there are two main possibilities for G: 

(a) M is conformally equivalent to the sphere S" and G is isomorphic to PSO(n + 1, 1). 

(b) M is not conformally flat and G is compact with respect to the compact-open topology. 

In this paper, we shall focus on the non-(conformally-)flat case exclusively. Henceforth we 
assume throughout the rest of this section that (Af",(7) is closed and not conformally equivalent to 
S". Notice that, as M is compact, this means that, either M is not simply connected, or its Weyl 
curvature tensor of g is not identically zero (see |Kuj ) . 

As pointed out by Moscovici }Mo2[ Remark 3.8], in the non conformally flat case the confor- 
mal Dirac spectral triple is unitarily equivalent to the conformal perturbation of an equivariant 
Dirac spectral triple, and hence the Connes-Chern character of the conformal spectral triple is 
represented by the CM cocycle of the equivariant Dirac spectral triple. We shall describe this 
equivalence in full details and use it to compute the Connes-Chern character of the conformal 
Dirac spectral triple. 

As the group G is compact, it admits a Haar measure dX((j)), using which we can exhibit a 
G- invariant metric g in the conformal class of g. Namely, 

(6.1) g:= cp,gd\{4>) - e^'** dX{4>)^ g = e^'^g, 

where h := ^ log [Jj^j e^''* d\{(f)j . If e G, then the equality = g implies that 

0.5 = 0*(e^''5) = e2''°^-^5 = e^''°^"'-^V 
Comparing this to p.3p then shows that 

(6.2) h^^ho4)-^-h W<j)eG. 

For (/) e G we denote by : L'^{M,^) -> Lg{M,^) the operator defined by ((3^ using the 
metric g. As the metric g is G- invariant, this operator is actually unitary, and hence — > J/^ is a 
unitary representation of G on L'^{M, This enables us to represent the crossed-product algebra 
C°°{M) X G in L'^g{M,$) as the subalgebra of C (L?(Af,^)) generated by operators of the form 
fU^ with / e G°°(M) and G G. 
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Let : L'^{M,^) — > L'^{M,^) be the Dhac operator associated to the raetric g. The G- 
invariance of g and the fact that G preserves the spin structure imply that 

(6.3) Pg,U^]^0 V0eG. 

Combining this property with the fact that (C°°(Af), L?(M, ^),pg) is an (ordinary) spectral triple, 
we can easily check that {G°°{M) x G, L'^{M, ^),pg) too is a spectral triple. Both spectral triples 
are n^-summable. Furthermore, we have 

Proposition 6.1. The spectral triple {C°°{M) x G, L^{M,^),pg) is regular and has simple and 
discrete dimension spectrum. 

Proof. Consider the derivation S{T) := [Pg\,T] as defined in (HH). Let / G C°°(M) and cj) e G. 
As (j6.3l) shows that_pg commutes with U^, we see that, for all j E N, 

(6.4) P{fU^)^S^f)U^ and 6^ {^-JU^]) = P {\p-J])U4, = P {c{df))U^, 

where c{df) is the action on ^ of the differential df by Clifford multiplication; this is a section of 
End^. 

Notice that 6^{f) and 5^{c{df )) are contained in the algebra \E'°(M, i^) of zeroth order ^I^DOs on 
M acting on the sections of Therefore (|6.4p shows that S^{fU^) and d^{^g, /C^^]) are bounded 
operators. Thus fU^ and \pg,fU^] are contained in domS^ for all j G N. This proves that the 
spectral triple (C°°(A/) xi G, L^iM, ^),pg) is regular. 

Let us denote by B the sub-algebra of C{L'^{M,^)) generated by the grading operator 7 := 
id^+ — id^- and the operators (fU^) and 6^{P^, fUcj,]) as above. It follows from (16. 4p and the 
previous discussion that B is spanned by operators of the form, 

Po U^, PiU^, ■ ■ ■ PkU^„ P, e^%Mj), cjjj eG. 

In fact, as U^-Pj+iU^-^^ = {4)-j)^Pj+iU^^U^^^^ = (0j)*^'j+it^0jO0j+i , we see that any operator of 
the above form can actually be put in the form PU^ with P G 4'°(M, ^) and cf) E G. That is, the 
algebra B is contained in the crossed-product algebra (M, ^) x G. 

If P € 5'°(Af,^) and (f> E G, then the result of [jOg shows that the function Tr PU^\pg\-'= 



Tr 



piPlr^u^ 



has a meromorphic extension to C with at worst simple pole singularities on 

S {fc e Z; fc < n}. This shows that the spectral triple (C°°(M) x G , Ll{M , $) ,p g) has a 
discrete and simple dimension spectrum. The proof is thus complete. □ 

Remark 6.2. Consider the space (C°°(A/)), g e C, as defined in ([23]) -([221). By arguing 

as in the proof above, it can be shown that {G°°{M)) is contained in the crossed-product 

^'^(Af, ^) X G, where '^'^{M,^) is the space of ^DOs of order q on M acting on the sections of 
^. Moreover, the residual trace (|2.7p on 5'^ (G°°(Af)) agrees with the noncommutative residue 

trace on ^'{M,^) x G constructed in |Da| . 



As the function h in (|6.ip is real- valued, and hence is a selfadjoint element of G°°(Af) x G, we 
can form the conformally deformed twisted spectral triple, 

(G-(Af) X G,L|(A.f,^),e-4^^e-t).„ 

where the automorphism ah is defined as in p. 21) . 

Observe that, as, g — e^^g the multiplication operator by e^"'* gives rise to a unitary operator 
from LliMj) to Ll{Mj), since, for ah u G L^iMj), 

\u{x)fdvol-g{x) = f |u(2;)|2e"''(")dvolg(a;) = / |e^"''(")w(x)|2dvolg(:E), 
'a/ ./a/ Ja/ 

where | • | is the Hermitian metric of ^. Notice also that the conformal invariance of the Dirac 
operator f ^Hiti ) implies that 



Let (j) e G. Combining the very definitions (I3.4p - (l3.5p of and with (j6.2p we see that 

Using the definitions of the automorphisms ah and a in (13.21) and (13.61) we also get 

This implies that the multiplication operator by e^"'* intertwines the representations of (M) xi G 
in L^(M, and i|(M, (^), and under this intertwining the automorphism cr agrees with ah- 
Therefore, we obtain 

Proposition 6.3. The multiplication operator by e^"'' gives rise to a unitary equivalence, 

This implies that the twisted spectral triples {C°°{M) x G,Ll{M,$),p^)„ and (G°°(M) x 

G, L'^{M,^),e~'^Pge~^)a^ have the same Connes-Chern character. As it follows from Propo- 
sition 15.31 that the latter twisted spectral triple has the same Connes-Chern character as the 
ordinary spectral triple {G°°{M) x G, L'^{M,^), p^), we deduce that so does the Connes-Chern 
character of {G°°{M) » G, L'^{M, Pg)<j- Moreover, thanks to Proposition l6 . 1 1 the spectral triple 
{G°°{M) X G,Ll{M,^),pg) satisfies the assumptions of Theorem O That is, its Connes-Chern 
character is represented by the CM cocycle ip^^ defined by (I2.9p - (|2.10p . Therefore, we obtain 

Proposition 6.4. The Connes-Chern character of {C°°{M) x G, Lg{M,^), pg)cr is represented 
by the CM cocycle of{G°^{M) x G, Ll{Mj), p^). 

We are thus reduced to determining the CM cocycle of the equivariant Dirac spectral triple 
(C°°(Af) X G,L'^{M,^),p-). To this end we need to introduce some notation. 

Let (f) £ G and denote by M"^ its fixed-point set. Since preserves the orientation and the 
metric 5, it is a disconnected unions of submanifolds of even dimension a = 0, 2, • • • , n (see 
Section [S]). Therefore, we may treat M'^ as if it were a manifold. 

We let A/""^ = (TM'^)-L be the normal bundle of M"^, which we regard as a vector bundle over 
M'^ . We denote by (j/^ the isometric vector bundle isomorphism induces on A/"*^ by 0'. Notice that 
the eigenvalues of (j/^ are either —1 (which has even multiplicity), or complex conjugates e*'^, 
9 G (0,7r), with same multiplicity (see Section |8]). 

Let R^^^ be the curvature of (M,^), seen as a section of h.^T*M ® End(rM). As the Levi- 
Civita connection V"^*^ is preserved by (/>, it preserves the splitting TM\^j^4, = TM'^ A/"*^ over 

M"^, and hence it induces connections V^*^* and V"^* on TM"^ and M'^ , so that 

Notice that V^^* is the Levi-Civita connection of TM't'. 

Let R^^* and R^* be the respective curvatures of V^*^* and V-'^* . Define 

(6.5) ^(^^^^^)-det^(-g^) and (i?-^*) det"^ (l - ^A^^e-^^) , 

where det^^ ^1 _ (f/^ e^'^^ ^ is defined in the same way as in jBGVi Section 6.3]. 

In the sequel, if / is a smooth function on M we shall denote by d! f the component of the 
differential df in T*Mf, i.e., d' f = df^j,j^^. In addition, we shall orient like in [BGVl 

Prop. 6.14], so that the cj)^ gives rise to a section of A''(A^'^)* which is positive with respect 
to the orientation of A/"*^ defined by the orientations of M and AT^. 

The following is the key technical result in the computation of the Connes-Chern character of 
the twisted spectral triple {G°°{M) x G,Ll{M,$),p^)„. 
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Proposition 6.5. Let G G and consider a differential operator of the form, 
where the notation is the same as in i2.8\} . Then, as t — > 0^, 



(6.6) 



Str 



Pk,ae 



v. 



(-z)tt-'= V(27r)-t \ c^, + 0(i-^+i) z/a = 0, 



where we have set 



The asymptotics (|6.6p are proved in }CH) : see Corollary 3.16 of (CH) for the case a = and 
Theorem 2 of [CHj for the case a ^ 0. The approach in [CH] uses an equi variant version of 
the Clifford asymptotic pseudodifferential calculus of |Yu| . This equivariant Clifford asymptotic 
pseudodifferential calculus was developed in |LYZ] to give a new proof of the local equivariant 
index theorem ( [Pal iDPl iGi] ) . 

In Section [9l we will give a new, and fairly elementary, proof of the local equivariant index 
theorem. The arguments will be based on an equivariant version of the approach of [Polj to the 
proof of the local index theorem. As an immediate by-product of this proof, we will get a proof of 
Proposition 16.51 It is believed that this approach to the local equivariant index theorem and the 
CM cocycle of an equivariant Dirac spectral triple should hold in various geometric settings. 

We shall now explain how Proposition 16 . 51 enables us to determine the Connes-Chern character 
of iC°-{M)xG,LliMj),p^),. 

Theorem 6.6. The Connes-Chern character Ch(C°°(M) x G,pg)a- is represented by the periodic 
cyclic cocycle ip — {(p2k)k>o on C°°{M) x: G given by 

(6.7) ^2k{fU^o,-- - J"'U^2.) = 



(2fc)! 



A{R 



Ma 



where 4>(k) ■-= 4>a ° ■ ■ ■ ° 4>2k and f'J := o 0^ ^ o • • • o (l>.\ . 

Proof. It follows from Proposition 16.41 that the Connes-Chern character Ch(C°°(M) xi G,pg)cr is 
represented by the CM cocycle (p^^ = {Lp2k) of the spectral triple (C°°(M) x G, Ll{AI,^), p-). 
By (|2.9p - (j2.10[) the components (p2k are given by 

(6.8) (^o(/"t/0o) = Res,=or(z)Str (^p J-^- + Hq) 



(6.9) (/^2fc(/°C/0or-- ,/''f/0.J = 



[a2fc] 



^ |-2(H + fe) ^k>l), 



where IIo is the orthogonal projection onto ker^^^ and Ck,a is defined as in (12. lip . 
Using the fact that C/^p commutes with^^ (cf. Eq. (|6.3p ) we see that 



(6.10) 



MfU^o) = Res,=or(z)Str foPJ 



-2z 



Us 



Str [/°noC/^o] 



Likewise, for k> \, using (|6.3p and arguing as in the proof of Proposition 16. II we deduce that 



[a2fe] 



||)_|-2(|q|+/c) 



f2k 



2(|a|-Hfc)7-7^ 
g\ ^^0(1-)' 
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where • 



{k) 



PqO- ■■0(p2k 



and P Po^^'o-- .o0t\. Set P,,„ = • • • P"]^'''' 



Then from (j2.7l) we get 
(6.11) = Ecfe,„r(|a| +fc)-iRes,=|„|+fer(z)Str [Pfe,„^p 



2z 



-2z 



By Melhn's formula r(z)||)g|-2^ = JJ^ t2-i(l - no)e~*^sdi, so we see that, for > 1, 



r(z)Str Pk,o.P-J-''U^,, 



t^'' Str 



Pfe,o(i-no)e-'^ic/^,,, 



with the convention that Pi 



fe., 



/'^ and = 00 when fc = and a — 0. In other words, 



r(z)Str Pk^^P-g\-'^U^,,, 



is the MeUin transform of the function, 



9„,fe(t) = Str [Pfc,,(l - no)e-'^ic/^,,, 



Str 



Pk.c.e-'^sm 



Str [Pfc.„noC/^(,J , t > 0. 



The poles of the Mellin transform of a function 0{t), t > 0, are intimately related to the behavior 
of 9{t) as t — )• 0+ (see, e.g., [GSi Proposition 5.1]). In particular, the residue at z = |q;| + fc of 

r(z) Str P/c,q|Pq|~^^J70(^,, is equal to the coefRcient of in the asymptotic of Ok. ait) as 

Luo - Str [fUoU^„] , 



t ^ 0. Therefore, using Proposition 16.51 we deduce that 



Res,=or(z)Str [fP^\-^'U^„\ = (-z)^ ^(2^)- 

a 

Res,=fc r(z) Str \Pk,o\Pgr''U^J - (-*)* E^^^)"* 



Wfc (fc > 1), 



Ma 



Res,=|„|+fer(z)Str Pk.a\Pg\ 



-2z 



Us 







(fc> 1, a^O), 



(6.12) 

(6.13) 
(6.14) 

where Wfc := 

Combining (|02)) with and (|6T0)) gives 

<^o(mo) = H)^E(2^r^ / 

Similarly, for fc > 1, by combining (|6.13l) - (|6.14l) with (j6.9p and (|6.1ip we get 

<^2fc(/°C/0or-- ,/''f/0.J =Cfc,or(fc)-^Res,=fcr(z)Str [PkflWgl^'-U^,^, 



(2fc)! 



The proof is complete. 



□ 



To understand the formula (16.71) it is worth looking at the top-degree component Observe 
that for fc = ifi the r.h.s. of (j6.7l) reduces to an integral over Af,^'"' and this submanifold is empty 



unless 



■(") 



= id. Thus, 



(2i7r) 



fdpA---Adr if 00' 



o 0„ 



id, 







M 



otherwise. 



That is, (fn agrees with the transverse fundamental cyclic cocycle introduced by Connes [Col| . 

In addition, the proof of the 2nd part of Theorem 12.21 amounts to show that the cocycle 
in (|2.3I) and the CM cocycle are cohomologous in periodic cyclic cohomology (assuming the spectral 
triple to be p+-summable with p even). The proof of this result actually shows that and the 
cocycle (pp differ by a Hochschild coboundary (see [Hii Lemma 7.8 and Appendix C]). Therefore, 
we arrive at the following statement (compare |Mo2[ Proposition 3.7]). 
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Proposition 6.7. In Hochschild cohomology, the Connes-Chern character Ch(C°°(Af) xi G, Pg)a 
agrees with Cannes' transverse fundamental class [M/G]. 

7. VOLTERRA PSEUDODIFFERENTIAL CALCULUS AND HEAT KERNELS 

In this section, we recall the main definitions and properties of the Volterra pseudodifferential 
calculus and its relationship with the heat kernel of an elliptic operator. The pseudodifferential 
representation of the heat kernel appeared in [Grj . but some of the ideas can be traced back to 
Hadamard [Haj . The presentation here follows closely that of |BGS| . 

Let {M",g) be a compact Riemannian manifold and E a Hermitian vector bundle over M. 
The metrics of M and E naturally define a continuous inner product on the space {M, E) of 
the L^-sections of E. In addition, we let L : C°°{M,E) -> C°°{M,E) be a selfadjoint 2nd order 
differential operator whose principal symbol is positive-definite. In particular, L is elliptic. 

The operator L generates a continuous heat semigroup [0,oo) 3 t e~*^ e £{L'^{M,E)). 
Standard ellipticity theory shows that the heat semigroup further induces a continuous semigroup 
[0, oo)3t-^ e-*^ G C{G°°{M, E)). In particular, for all u e C°°(M, E), as t ^ 0+ 

(7.1) e"*^w — >u and — e"*-^M — > -Lu inG°°{M,E). 

dt 

In the sequel, we shall make some notation abuse by also denoting by E the vector bundle over 
M X M whose fiber at (a;,<) € M x R is E^ (i.e., the pullback by the projection {x,t) -> x). The 
heat operator L + dt then acts on the sections of this vector bundle over M x M. 

As it is well known the heat semigroup enables us to invert heat operator L + dt- More precisely, 
the continuity of the heat semi-group ensures us that we define a continuous operator Qq from 
C^^{M X R, E) to C°°(M X R, E) by 

(7.2) Qou{-,s):^ e'^^ u{- , s - t)dt Vu e C^ {M x R, E). 

Jo 

Furthermore, using (|7.ip we obtain 

Proposition 7.1 f fUHIBUg] ). For all u G C^{M xR,E), 

(7.3) Qq{L + ds)u ^ {L + ds)Qou ^ u. 

In other words, the operator Qq inverts the heat operator L + dt on smooth sections of E over 
M X R. 

Let us denote hy EME* the vector bundle over M x Af x R whose fiber at (x, y, t) G M x A/ x R 
is llom{Ey , Ex) ■ We define the heat kernel kt{x,y), t > 0, as the smooth section oi E ^ E* over 
Af X AT X (0, oo) such that 



(7.4) e-'^^uix)^ kt(x,y)u{y)\dy\ 'iueL'{M,E), 

J M 

where \dy\ is the Riemannian density defined by g on M. That is, kt{x^y)\dy\ is the Schwartz 
kernel of e^*^. 

The operator Qo is intimately related to the heat kernel. Indeed, let kQ„{x, s,y,t) G C°°{Mx x 
Rs,E)<SiV'{My X Rf,£') be the kernel of Qo, i-e., 

Qouix, s) = {kg, {x, s, y, t),u{y, t)) G G^{M xR,E). 

Then, at the level of kernels, (|7.3p means that 

f7 r\ 1 f -^\ f ks-t{x,y) fors-t>0, 

(7.5) fcQ„(x,s,y,t) = | Q brs-t<0. 

Thus Qo has the Volterra property in the following sense. 

Definition 7.2 ([Pi]). A continuous linear operator Q : G^{MxR,E) C°°{MxR,E) satisfies 
the Volterra property when there is KQ{x,y,t) in C°°{M x R,E)<§'D'{M,E) such that 

(i) Q has kernel kQ{x, s, y, t) = Kq{x, y,s — t). 

(ii) KQ{x,y,t) = on the region t <0. 
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Remark 7.3. The property (i) means that Q is time-translation invariant and KQ(x,y,t) — 
kQ{x,t,y,0). The property (ii) imphes that the vahie of Qu{x,t) at a given time t = to do 
not depend on the values of u{x,t) at future times t > ^o, i-C-, Q satisfies the causality principle. 

The Volterra ^PDO calculus aims at constructing a class of ^I/DOs which is a natural receptacle 
for the inverse of the heat operator. The idea is to modify the classical \1/D0 calculus in order to 
take into account: 

(i) The aforementioned Volterra property. 

(ii) The parabolic homogeneity of the heat operator L + dt, i.e., the homogeneity with respect 
to the dilations, 

A.(^,t) := (AC,AV) V(C,t) e M"+^ VA e R*. 

In the sequel, for G £ 5'(R"+i) and A 7^ 0, we denote by Ga the distribution in 5'(R"+i) 
defined by 

(7.6) {Gx{tr),u{^,T)) :=|Ar("+2)(G(C,r),w(A-ie,A-V)) Vu G 5(R"+i). 

Definition 7.4. A distribution G € 5'(R"^^) is (parabolic) homogeneous of degree m, m £ "L, 
when 

Ga = A"G VA e R \ 0. 

In addition, we denote by C_ the complex halfplane {5t < 0} with closure C_. 

Lemma 7.5 ( |BGS[ Prop. 1.9]). Letq{^,T) e G°°((R" x R)\0) be a parabolic homogeneous symbol 
of degree m such that 

(i) 9(^1''") extends to a continuous function on (M" x C_) \ in such way to be holomorphic 
w.r.t. the variable r when restricted to C_. 

Then there is a unique G G 5'(R"^"'^) agreeing with q on R"+-'^ \ and such that 

(ii) G is homogeneous of degree m. 

(iii) The inverse Fourier transform G{x,t) vanishes for t < 0. 

Remark 7.6 (See |BGSj ). The homogeneity of q and G implies that G has the following homo- 
geneity property: 

Ga = |Ar("+2)A"''"G VA e M*. 

Let U be an open subset of R". We define Volterra symbols and Volterra 5'DOs on J7 x R"+^ \ 
as follows. 

Definition 7.7. S™{U x R"+i), m e Z, consists of smooth functions q{x,^,T) on U x x R 
with an asymptotic expansion q{x,^,T) ^ '^j>oClm-jix,^,T), where 

- qi{x,^,T) S C°°{U X [(R" X R)\0]) is a homogeneous Volterra symbol of degree I, i.e. qi is 
parabolic homogeneous of degree I and satisfies the property (i) in Lemma \7.5\ with respect 
to the last n + 1 variables. 

- The sign ^ means that, for all compacts K d U , integers N and k and multi-orders a 
and 13, there is a constant GNKafik > such that 



(7.7) 



d'^dld^iq-Y,q^A{x,^,T) 



for all {x,i,T) e X M" X R with \i\ + |t|2 > 1. 



In the sequel, for a symbol q{x, f , r) £ S"''{U x M) we denote by q{x, D^, Dt) the operator from 
C^{U X R) to G°°(f7 X R) defined by 

q{x,D^,Dt)u{x,t) := (27r)-("+i) / / e'^'-'-^+'^\{x,i,T)u{i,T)didT \/u G {U x R). 



Definition 7.8. ^™(?7 x R), m G Z, consists of continuous linear operators Q from C^{Ux x Rf) 
to C°^{Ux X Rt) such that 
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(i) Q has the Volterra property in the sense of Definition \ 7. ^ 

(ii) Q can he put in the form, 

(7.8) Q^q{x,D,,Dt)+R, 

for some symbol q{x,S,,T) e S'!J^(U x R) and some smoothing operator R. 

HQ e «'™(C/ X R), then there is a unique Kq{x, y, t) e C°°{U, V {U x M)) such that 

Qu[x, s) = {Kq{x, y, s - t), u{y, t)) Vm G C°°(C/ x M). 

In fact, if we put Q in the form (17.81) and we denote by kji{x, s,y,t) the Schwartz kernel of the 
smoothing operator R as defined in (j7.4p . then 

Kq{x, y, t) = q{x, x-y,t) + kR{x, 0, y, -t). 

By abuse of language, we shall call KQ{x,y,t) the kernel of Q (although the actual Schwartz 
kernel is kqlx, s, y, t) :— Kq{x, y, s ~ t)). 

Example 7.9. Let P be a differential operator of order 2 on [/ with principal symbol P2ix, ^). Then 
the operator P + dt is a Volterra 4'DO of order 2 with principal symbol P2 (x, ^) + «t. In particular, 
iip2{x,0 > for ah {x,0 e C/x (R"\0), thenp2{x,0 + ir 7^ for all {x,^,t) e [/ x [(M" x Cr\0)]. 

Other examples of Volterra 4'DOs are given by the following. 

Definition 7.10. Let qm{x,^,T) e C°°{U x (R"+-'^ \ 0)) he a homogeneous Volterra symbol of 
order m and let G^{x,£„t) G C°° (C/, 5'(E"+1)) denote its unique homogeneous extension given 
by Lemma \ 7. 5\ Then 

- qmix,y,t) is the inverse Fourier transform of Gmix,^,T) w.r.t. the last n + 1 variables. 

- The operator qmix, D^,Dt) : C^{U x E) ^ C°°(C/ x E) is defined by 

(7.9) qra{x,D,,Dt)u{x,s):^ {qm{x,x-y,s-t),u{y,t)) Vu e C,°°(C/ x M). 

Remark 7.11. It follows from the proof of [BGSl Prop. 1.9] that the homogeneous extension 
Gm{x,S_,T) depends smoothly on x, i.e., it belongs to C°° (C/, iS'(E"+^)) . 

Lemma 7.12. The operator qm{x, D^, Dt) is Qj VolteTTQj ^ DO of order in with symbol q ^ Qm- 

Sketch of Proof Set Q = q,n{x, D^, Dt). Since g„(a;,y,i) belongs to C°° (C/, 5'(R"+i)) , it follows 
from (|7.9p that the operator qm{x, D^, Dt) is continuous and satisfies the Volterra property. 

Denote by Gm{x, r) is the unique homogeneous extension of qm{x, ^, r) given by Lemma FfTSl 
In addition, let ip € G^{W+'^) be such that <^(^,t) = 1 near (^,t) = (0,0). Then the symbol 
g,„(x,^, r) := (1 - tp{£_,T)) qmix,^,T) lies in S!^{U x E"+i) and we have 

KQ{x,y,t) = {q,ny{x,y,t) + {ipG,nY {x,y,t), 

Observe that {fGmY {x,y,t) is smooth since this is the inverse Fourier transform of a compactly 
supported function. Thus Q agrees with qm{x, D^, Dt) up to a smoothing operator, and hence is 
a Volterra 5'DO of order m. Furthermore, it has symbol g„i ^ The lemma is proved. □ 

Proposition 7.13 ( jGr[ [Pll IBGSj ). The following properties hold. 

(1) Pseudolocality. For any Q e \I'™(?7 x E), the kernel KQ{x,y,t) is smooth on {{x,y,t) G 
M X A/ X E; x^y ort^ 0}. 

(2) Proper Support. For any Q e *;;'([/ x R) there exists Q' e *™(t/ x R) such that Q' is 
properly supported and Q — Q' is a smoothing operator. 

(3) Composition. Let Qj G ^™^(C/ x E), j = 1,2, have symbol qj and suppose that Qi or 
Q2 is properly supported. Then Q1Q2 lies in ^'™i"*'™^([/ x E) and has symbol qi4^q2 ~ 
J2l,d^q,D^q^. 

(4) Parametrices. Any Q e 5'™(C/ x R) admits a parametrix in "'([/ x E) if and only if its 
principal symbol is nowhere vanishing on U x [(E" x C_) \ 0]. 

(5) Diffeomorphism Invariance. Let (j) be a diffeomorphism from U onto an open subset V of 
E". Then for any Q € 4'™(f/ x R) the operator (0 ® idR)»Q is contained in «';;'(y x E). 
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Remark 7.14. Most properties of Volterra ^DOs can be proved in the same way as with classical 
^fDOs or by observing that Volterra ^fDOs are ^DOs of type (^,0) in the sense of [Hoj . One 
important exception is the asymptotic completeness, i.e., given homogeneous Volterra symbols 
Qm-j of degree m ^ j, j = 0, 1, • • • , there is a Volterra vE'DOs with symbol q ^ ^Qm-j- This 
property is a crucial ingredient in the parametrix construction. The point is that the Volterra 
property is not preserved by the multiplications by cut-off functions involved in the standard proof 
of the asymptotic completeness for classical ^fDOs (see |Po2| for a discussion on this point). 

As usual with ^PDOs, the asymptotic expansion (|7.7p for the symbol of a ^fDO can be translated 
in terms of an asymptotic expansion for the kernel of the 4'DO. For Volterra ^PDOs we have: 

Proposition 7.15 ( [GTI iPll IBGS) ) ■ Let Q e *™(t/ x M) and let q - Ej>o'?™-J symbol. 
Then, for all N Cz Nq, there is J € N such that 

(7.10) KQix,y,t)^J2q,n-A^^^~y^t) modC^iU xU xR). 

Sketch of Proof. As Volterra vJ/DOs are \l/DOs of type (^,0), the kernel of a Volterra vI/DO of 
order < -(n + 2 + 2N) is (see [Ho]). Let us choose J so that m - J < -{n + 1 + 27V), then 
Q-E, <j qin-j{x, Dx, Dt) is a Volterra ^'DOs with symbol q'^ ~ Sj>j+i 1m- j, and hence it has 
order m — J — 1 < — (n + 2 + 27V). Therefore, its kernel is . This proves the result. □ 

The invariance property in Proposition ! 7 . 1 3l enables us to define Volterra ^'DOs on the manifold 
M X R and acting on the sections of the vector bundle E (seen as a vector bundle over M x R) . All 
the aforementioned properties hold verbatim in this context. We shall denote by ^™(M x R, i?) 
the space of Volterra ^tDOs of order m on M x R. 

If Q e W^{M X R,£:), then there is a unique KQ{x,y,t) e C°°(M x m.)®V'{M,E) such that 

Qu{x,s) = {KQ{x,y,s-t),u{y,t)) \/u e C^{M xm,E). 

We shall refer to Kq{x, y, t) as the kernel of Q. 

Proposition 17. 131 ensures us that Kq{x, y, t) is smooth for t 0. Therefore, on M x M x R* we 
may regard Kq{x, y, t) as a smooth function section oi E ^ E* over M x M x R* such that 

{KQ{x,y,t),uiy,t))^ f KQ{x,y,t)u{y,t)\dy\dt e {M x R* , E), 

J MxR 

where in the l.h.s. Kq{x, y, t) is meant as an element of C°°{M x R)(g)2?'(Af, E) and in the r.h.s. it 
is meant as a smooth section oi EM E* . 

It follows from Example 17.91 and Proposition 17.131 that the heat operator L + dt admits a 
(properly supported) parametrix in '^^^{M x R.E). Comparing such a parametrix with the 
inverse Qo = {L + dt)~^ defined by (|7.2p and using (|7.5p we obtain 

Proposition 7.16 ([GflEj, [BGSl pp. 363-362]). The operator {L + dt)'^ defined by (7^ is a 
Volterra "i! DO of order —2. Moreover, 

(7.11) fct(a;,y) = A-(i+9^)-i(a;,2/,i) Vi > 0. 

This result provides us with a representation of the heat kernel as the (Volterra) kernel of a 
Volterra ^DO. Combining it with (|7.10p enables us to get a precise description of the asymptotic 
of kt{x, x) as t —i' 0"^ (see |Gr[ IBGS] : see also the next section). 

More generally, we have 

Proposition 7.17. Let P : C°°{M,E) C^(M,E) be a differential operator of order m. For 
t > Q denote by ht{x,y) the kernel of Pe^^^ defined as in |7.4[ ). Then 

ht{x,y) = Kp(L+Q^)-i{x,y,t) Vi > 0. 
Proof. We have ht{x,y) = Pxkt{x,y) = Pj;X(i+a^)-i (x, y, t) = Xp(L+a,)-i (a;, y, i). □ 
Remark 7.18. The operator P{L + dt)~^ is a Volterra ^fDO of order m — 2. 
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8. Equivariant Heat Kernel Asymptotics 



In this section we keep the same notation as in the previous section. In addition, we let 
(j) : M ^ M he an isometric diffeomorphism of (M, g) which hfts to a unitary vector bundle 
isomorphism (j)^ : E — >■ i.e., a unitary section of liom{E , (j)^, E) . Then (j> defines a unitary 

operator U^, : L^{M,E) ^ L^{M,E) by 

Our aim in this section is to derive short-time asymptotic for equivariant traces Tr [Pe^*^?/^] , 
where P : C°°{M,E) C°°{M,E) is any differential operator. 

For t > denote by ht{x, y) the kernel of Pe~*^ as defined in (|7.4p . Observe that the kernel of 
Pe^*^[/0 is ht{x,(j){y))(j)^{x), and hence 

(8.1) Tr[Pe-*^C/^] = / tr^ [ht{x, (bix))(b^ (x)] \dx\ = / tr^ [cj)'' {x)htix, (j){x))] \dx\. 

JM JM 

We are thus led to look for the short-time behavior of ht{x, (j){x)). Since by Proposition 17.171 we 
can represent ht(x,y) as the kernel of a Volterra ^'DO, we shall more generally study the small 
time behavior of Kq{x, (j){x),t), where Q € ^^"(M x M), m e Z. 

In the sequel, we denote by Af^ the fixed-point set of cj), and for a = 0, • • • , n, we let be 
the subset of Af consisting fixed-point x at which (j>'{x) — 1 has rank n — a, i.e., the eigenvalue 1 
of (t>'{x) has multiplicity a. Therefore, we have the disjoint-sum decomposition, 

0<a<n 

In addition, we pick some eg G {0,po), where po is the injectivity radius of {M,g). 

Let xq be a point in some component M^. Denote by i3a;g(eo) the ball of radius eq around the 
origin in T^gM. Then exp^^^ induces a diffeomorphism from Bxg{eo) onto an open neighborhood 
of xq in M. Moreover, as 4> is an isometry, for all X G Bxg{eo), we have 

(8.2) cj, (exp,„ {X)) = exp^(,^) {cl)'{xo)X) = exp,„ (0'(xo)X). 

Thus under exp^^ji^^^^^jj-) the diffeomorphism (f> corresponds to (/)'(xo), and hence AP^ n C/eo is 
identified with B^^ieo) := Bxg{eo) n ker(<^'(a;o) — 1). Incidentally, the tangent bundle TM^^^j^^jj 
and the normal bundle (^'-^^'^)^) |jv,/*n;7 are identified with ^^^^(eo) x ker(0'(a;o) — l) and ^^^(eo) x 
ker((/)'(xo) — l)"*" respectively. Notice also that when fc = this shows that xq is an isolated fixed- 
point. 

It follows from this that each component is a (closed) submanifold of dimension a of AI and 
over the set Af^ := 

U^gjvf* ker(0'(a;) — 1)^ can be organized as a smooth vector bundle. We 
denote by tt : A/""^ — >■ AP^ the corresponding canonical map. We shall refer to Af'^ as the normal 
bundle of AP^. Notice that 4>' induces (over each component Aff ) an isometric vector bundle 
isomorphism of Af'^ onto itself. 

As it is well known, using Af'^ we can construct a tubular neighborhood of A/'^ as follows. Let 
Af'^{eo) be the ball bundle of Af'^ of radius eq around the zero-section. Then the map Af'^{eo) 3 
X exp^(^-)(Ar) is a homeomorphism from A/''^(eo) onto an open tubular neighborhood V^g of AP^ 
in M. Moreover, if is a connected component of AP^, then this maps induces a diffeomorphism 
from A/''^(eo)|^^*. onto its image. 

Let us fix some e g (0,eo) and let {x,t) G AP^ x (0,cx)). Observe that, in view of (|8.2p . for all 
V £ N!^[e), we have 

Kq (exp^ V, exp^{<j>'{x)v),t) ^ Kq (exp^ v, (/)(exp^ v), t) . 
For X G AP^ and t > set 

lQ{x,t) -.^ (j)^{x)-'^ / (f>^ {exp^v)KQ{exp^v,exp^{(f)'{x)v),t)\dv\. 

JNt(c) 

This defines a smooth section of End E over Af^ X (0,oo), since ^^(x) G EndP:,; for all x G AP^. 

19 



In the sequel, we say that a function f(t) is 0{t°^) as t ^ 0+ when f(t) is O(i^) for all N eN. 
Lemma 8.1. As t ^ 0+, 

tTE [(b''ix)KQ{x,^ix),t)] \dx\ = / tTE [(b^ix)lQ{x,t)] \dx\+0{t^). 

M JM't' 

Proof. If we regard KQ{x,y,t) as a distributional section oi E ^ E* over M x M x M, then 
Proposition l7.13l tells us that Kq{x, y, t) is smooth on {{x , y , t) G M x M xR; x ^ y}. Incidentally, 
Kq (x, <) is smooth on (M \ M*) x R. Let N e N. Since KQ{x,y,t) = for < < 0, we see 
that dl^KQ{x,(t){x),0) = for aU x G M \ M"^. The Taylor formula at t = then implies that, 
uniformly on compact subsets of M \ M'^, 

KQ{x,(t){x),t) ^0{t^) ast^O+. 

As M is compact and K is an open neighborhood of M"^, the complement M\Ve is a compact 
subset of M\ A/"*. Thus, 



M 



tTE [^^ix)KQix,^{x),t)] \dx\ = / tTE [^^ix)KQix,^{x),t)] \dx\+Oit^) 




tTE [0^(exp,(z;))ifQ (exp,(i>),0(exp,(z;)),i)] \dv\ + O(t^) 

trB [cb^{x)lQ{x,t)] \dx\ + 0{t 

M<l> 



This proves the lemma. □ 

Thanks to this lemma we are led to study the small-time behavior of lQ{x,t). Notice this is 
a purely local issue and lQ{x,t) depends on e only up to 0{t°°) near t — 0. Therefore, upon 
choosing eo small enough so that there is a local trivialization of E over the tubular neighborhood 

, we may assume that i? is a trivial vector bundle. 

Given a fixed-point Xq in a component M^, consider some local coordinates x = {x^, ■ ■ ■ ,x°') 
around xq. Setting b ■= n — a, we may further assume that over the range of the domain of the local 
coordinates there is an orthonormal frame ei(a;), • • • ,eb(x) of A/"*^. This defines fiber coordinates 

V — {v^ ■ ■ , v^). Composing with the map N'^{eo) 3 {x, v) — >■ exp^ v we then get local coordinates 
x^, - ■ ■ , x^-jV^, ■ ■ ■ ,v'' for M near the fixed-point xq. We shall refer to this type of coordinates as 
tubular coordinates. 

Let v; ^, t) ^ J2j>Q Im-ji^i ^, t) be the symbol Q in these tubular coordinates. We 
denote by Kq{x, v; y, w; t) the kernel of Q in these coordinates. In the local coordinates x^, • • • , x'' 
we have 

(8.3) lQ{x,t) ^ / (l)^{x,0)~^(f)^{x,v)KQ{x,v;x,(l)'{x)v;t)dv, 

J\v\<e 

where (j>^{x,v) is cj)^ in the tubular coordinates {x,v). 

In the sequel we denote by U the range of the coordinates x — {x^ , ■ ■ ■ , a;°) and by B{eo) (resp., 
B{e)) the open ball about the origin in R'' with radius eo (resp., e). Notice that the range of 

V — {v^, - ■ ■ , v'') is B{eo). In addition, for j = 0, 1, ... we set 

(8.4) q^^_j{x,v;£„i';T) -.^ (j>^{x,Oy^<j>^{x,v)q„i^j{x,v;£,,v;T). 
Lemma 8.2. As t — > 0^ and uniformly on compact subsets of U , 

lQix,t)r^J2 I [q^^^j)^ {x,v-Q,{l-4>'{x))v:t)dv. 

Proof. Let TV e Nq. By Proposition msl there is J G N such that Kq - Y.j<j is . Set 
RN{x,v,t) := KQ{x,v;x,(l)'{x)v;t) - ^ qm-j {x,v;Q, (1 - (l)'{x))v;t) . 

3<J 
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Then Rn{x, V, t) is onUx B{eo) x M. Moreover Rn{x, v,t) — for t < 0, since Kq{x, v; y, w; t) 
and all the qm-j{x,v;y,w;t) vanish for t < 0. This implies that d^RN{x,v,0) = for all j < N. 
Applying Taylor's formula at i = to RN{x,v,t) then shows that, as t — >■ O"*" and uniformly on 
compact subsets of [/ x B{eo), the function RN{x,v,t) is 0{t^), that is, 

Kq{x, v; X, (P\x)v; t) = Y, ^' 0' (1 " t) + 0{t^). 

Therefore, uniformly on compact subsets of U, 



j<:jJ\v\<e 



^_,)^ (x, V- 0, (1 - cj)'{x))v- 1) dv + O(t^). 



This gives the lemma. □ 
Lemma 8.3. As < — )• 0+ and uniformly on compact subsets of U , 

(8.5) / {q^_^y (x,v-Q,(l~<i>'{x))v-t)dv 



JSP Q^' 



Proof. Let /i(a;, u, w, t) be the function on U x -B(eo) x [(R'' x M) \ O] defined by 

h{x, V, w, t) := {qfa-jY {x, v; 0, (1 — (j)' {x))w] t) dv. 

We observe that w, w, t) is smooth on [/ x -B(eo) x (R''\0) x R and vanishes for t <Q. Moreover, 
the homogeneity of qm-j in the sense of (|7.6p implies that 

(8.6) /i(x,v,Aw,A20 = l^r^"'^^^-^^"'"^(2;,«,^y,0 VAeR*. 
Setting fc = j — (m + n + 2), this implies that, for all t > 0, 

(8.7) / h{x,v,v,t)dv = / h{x,Vtv,Vtv,t)dv ~t^~ / ft,(a;, -\/tw, w, l)dw. 



Let G N. By Taylor's formula, 

(8.8) /i(a;, Vif , w, 1) = V — ; rd"h(x,0,v,l) + RN(x,Viv,v), 

^ — ' a), a! 

\a\<N 

where i?Ar(a;,w,w) is the function on ?7 x B{eo) x R** defined by 

Rn{x,v,w) — ^ / {1 ~ s)'^^^w"'dyh{x,sv,w,l)ds. 

Let AT be a compact subset of U. As w°'d°h{x,v,w,t) is smooth on [/ x -B(eo) x (M'' \ 0) x R 
and vanishes for t < 0, we see that w°'d\d^h{x, w,?i',0) — for all I G Nq. Therefore, using once 
more Taylor's formula around t = shows that, for any I € No, there is a constant CkuI > such 
that 

\w"d^h{x,v,w,t)\ < Ckia\t\^ y{x,v,w,t) € K X B{e) x 5'"^ x (0,1). 
In addition, the homogeneity of h(x,v,w,t) implies that, when w ^ 0, 

w°'dyh{x, v,w,l) = w"\w\''dyh{x,v,\w\~^w,\w\~'^). 

Thus, 

\w°'d^h{x,v,w,l)\ < Cfc/„|i«|*'+l"l~2i v(a:,w,w) eKx B{e) x (R'' \ 0). 
The above estimate shows that w"'dyh{x, v,w, 1) has rapid decay in w uniformly with respect 
to X and v, as x ranges over K and v ranges over B{e). Incidentally, both w"dyh(x,v,w, 1) and 
Rn{x,v,w) are uniformly bounded on if x B{e) x R**. It then follows that there is a constant 
Ckn > such that 

\RNix,Vtv,v)\ <Ckn y{x,v) e K X B{e). 
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Therefore, integrating both sides of (|8.8p with respect to v over B (^-^^ we see that, as t 0+ 
and uniformly on K, 

f h(x,Viv,v,l)dv = V / %d^h(x,0,v,l)dv + O(t^). 

Together with (|8.7p this proves that, as i 0+ and uniformly on if, 

(8.9) I h{x,v,v,t)dv r^yt''^^ [ ^d^h{x,0,v,l)dv. 

We observe that k + b — j — {m + a + 2). Moreover, as mentioned above, the function 
w^d^h^x, 0, w, 1) has rapid decay uniformly with respect to x, as x ranges over K. Therefore, as 
i — >■ 0"*" and uniformly on K, 



(8.10) / v°'d^h{x,0,v,l)dv ^ / v°'d^h{x,0,v,l)dv + O{t^) 



In addition, the homogeneity property (j8.6p for A = — 1 gives 
v°'d^h{x,0,v,l)dv^ I (-w)"<9^/i(x,0,-w,(-l)2l)dw = (-1)I"I+J-™ / v°'d^h{x,Q,v,l)dv. 



Thus /jjt v°'dyh{x, 0, v, l)dv = whenever \a\ +j — m is odd. Combining this with (18. 9p and (|8.10p 
shows that, as t — ^ 0^ and uniformly on K, 

/ h{x,V,V,t)dv t (m + a + 2)+|a| / ^^a^j^^^ J^-)^^^ 

II I a I + J — m. 



even 



This proves the lemma. □ 

Combining Lemma 18.21 and Lemma 18.31 we see that, as t — ^ 0"*" and uniformly on compact 
subsets of U, 

(8.11) lQ{x,t)^Y. / ^(a?<Z^_,)^(x,O;O,(l-0'(a;))«;l)d«. 

II,. JR'' Q;! 



I Q I + j — m 
even 



If |a| + j — m is even, then bn+a+2)+j+\a\ integer and is greater than — iii±2 — i.e., it is 

greater than or equal to — — 1. We actually have an equality when j = \a\ =0 and m is 

even and when |a| + j = 1 and m is odd. Therefore, grouping together all the terms with same 
powers of t, we can rewrite the above asymptotic in the form, 

/Q(x,t)^^t-(t + m + l)+^/g)(x), 

where 

(8.12) /«(^):= I^i{9:q^[^^_^^+Hy {xM{l-c^'{x))v-,l)dv. 

|a|<m-2[f.]+2j 

Therefore, we obtain 

Proposition 8.4. Let Q e 5'™(Af x R,E), to e Z. Uniformly on each component , 

(8.13) lQ{x,t) ^Y^t-i^+i'^^+^'^+'I^^^x) ast^O+, 

where Iq\x) is the section o/End£^ over M'^ defined by \8.1'^) in terms of the symbol of Q in 
local tubular coordinates over which E is trivial. 
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Remark 8.5. On Aff the leading term in (|8.13p is t ^ ^ '^^^Iq\x), where Iq\x) depends only 
on the principal symbol ol Q. Namely, 



Io\^)^ / (g™)''(a;,O;O,(l-0'(x))z;;l)d« = |l-0'(x)|-M qra{x,Q;Q,v;l)dv 



Remark 8.6. The asymptotic (j8.13l) is expressed in terms of the symbol of Q in tubular coordinates. 
However, we usually start with a symbol in some local coordinates before passing to tubular 
coordinates. We determine the symbol in the tubular coordinates by applying the change of 
variable formula for symbols for the change of variable ip{x,v) = exp^(u) (see, e.g., [Ho]). 

We are now in a position to prove the main result of this section. 

Proposition 8.7. Let P : C°°{M,E) — > C°°{M,E) he a differential operator of order m. 

(1) Uniformly on each component Mf, 

(8.14) Ip^L+a^)-^{x,t) ^ E*"^^^f^^^^'^P(L+a.)-(^) «^ ^ ^ 

where Ip'j^i^^g^yiix) is the section of Find E over M'^ defined by i8.12\) in terms of the 
symbol of P{L + dt)~^ in any tubular coordinates over which E is trivial. 

(2) As t 0+, 

Tr [Pe-*^[/^] = / tvE [<p''{x)Ip^L+a,)'^{x,t)] \dx\ + 0(i°°) 

0<a<7i j>a •^^^f 

Proof. The first part is an immediate consequence of Proposition 18.41 since P{L + dt)^^ is a 
Volterra \1/D0 of order m — 2. Combining Proposition 17. 1 71 and (|8.1I) shows that 

Tr[Pe-*^C/^] = / tvE [(/.^(x)Ap(i+a^)-i (a;, 0(x), t)] . 
Jm 

The 2nd part then follows from Lemma [8. II and the first part. The proof is complete. □ 

Remark 8.8. The formula (j8.12l) expresses the coefficients Ipj^i^+g^yii^) in terms of the homoge- 
neous components of the symbol of P{L + dt)~^. Therefore, in order to compute them at a given 
point xo G M*^, we may replace P{L + dt)~^ by PQ, where Q is Volterra '^T>0 parametrix of 
L + dt defined near xq- In particular, 

IpiL+d,)-^ixo,t) = IpQixo.t) + 0(t°°). 

9. The Local Equivariant Index Theorem 

In this section, we shall give a new proof of the local equivariant index theorem of Patodi [Pa] , 
Donnelly-Patodi |DPj and Gilkey [Ui] . As an immediate by-product of this proof, we will get a 
proof of Proposition l6.5[ which is the key technical result in the computation of the Connes-Chern 
character of the conformal Dirac twisted spectral triple in Section [HI 

Let {M"',g) be an even dimensional compact spin oriented Riemannian manifold. As before 
we denote by : C°° {M, ^) — ^ C°° (M, ^) the Dirac operator acting on the spinor bundle ^ = 
^"^ © In addition, we let (f) : AI M be a smooth isometry of {M, g) preserving the 

orientation and the spin structure and which lies in the identity component of the group of all 
such diffcomorphisms. Then (f> € G has a unique lift to a unitary vector bundle isomorphism 

As in the previous section, we shall denote by Af the fixed-point set of and by N'^ the normal 
bundle of M'^ . We also denote by i?^*^* and R^* the respective curvatures of the connections 
on M"^ and A/""* induced by the Levi-Civita connection of M . Moreover, we orient M"^ and TV"^ m 
the same way as in Section[5] In particular, (j)^ defines a positive section of A"~°(A/''^)* over each 
component M^. 
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Our aim is to give a new proof of the following. 



Theorem 9.1 (Local Equivariant Index Theorem). Let f e C°°{M). As t ^ 0^ 



(9.1) 



Str 



(-^)^5](27^) 



/(x)i(i?^^^*)A^^(i?-^*)+0(i), 



where A(i?"^^^'*) and ^i?-'^*^ are defined as in \6.5\) . 



This result is originally due to Patodi |Pa| . Donnelly-Patodi [DP and Gilkey [Gi] . Their 
arguments partly involved Riemannian invariant theory. More analytical proofs were later provided 
by Bismut |Bij, Berline-Vergne |BV[ IBGV] and LafFerty-Yu-Zhang |LYZ) . We also mention that 
Liu-Ma jLMj proved a version of this result for families of Dirac operators. 

Let us briefly recall how the local equivariant index theorem implies the equivariant index 
theorem of Atiyah-Segal-Singer |AS[|ASi2| . The equivariant index oip^ at (a.k.a. the generalized 
Lefschetz number of (j>) is defined as 

ind|)g(0) := Tr t/^, ^^^jp+ - Tr t/^, ^^^p- . 

By the equivariant version of the McKean-Singer formula (see, e.g., [BGVi Prop. 6.3]), it holds 
that 



ind^ (0) = Str 



yt > 0. 



Therefore, from the local equivariant index theorem we obtain 
Theorem 9.2 (Equivariant Index Theorem [ASl IASi2] ). We have 

ind|)^(0) = (-^)t 5:(2.)-t / i(i?^M*) A (i?^*) . 

We refer to |BGV) for an interpretation of this formula in terms of equivariant characteristic 
classes. 

We shall give a new proof of the local equivariant index theorem by combining the results of 
the previous section with the approach of |Pol) to the proof of the local index theorem. As we 
shall see, a straightforward elaboration of the arguments of this proof will provide us with a proof 
of Proposition Em 

Notice that the asymptotic (j9.ip accounts only for the case fc = of Proposition l6.5l Therefore, 
in order to prove Proposition l6.5l we need some kind of diffcrentiable version of the local equivariant 
index theorem, where in the asymptotic (19.11) the function / is replaced by a differential operator. 

In the sequel, for a top-degree form w e C°°(M^, A£T*Mf ) we shaU denote by \uj\^'''> its Berezin 
integral, i.e., its inner-product with the volume form of . 

A preliminary step in the proof in all the proofs of the local equivariant index theorem is to 
observe we are really dealing with a pointwise asymptotic. In our setup this amounts to 

Theorem 9.3 (Local Equivariant Index Theorem, Pointwise Version). Let xq £ M'^ . Then, as 
t 0+, we have 

(a) 



(9.2) 



Str 



A{R™*)Au^(r^*) 



0**(a;o)/(p2+a^)-i(a;o,t)J = (-«) ^ (27r) 

This results is actually an equivalent reformulation of Theorem 19.11 for we have 
Lemma 9.4. Theorem \9. 1\ and Theorem 1 9. 3\ are equivalent. 



{xo) + 0{t). 



Proof. For j = 0, 1, ... and a; e A/"^ set Aj (x) = Str 
sition 15771 that, as t — ^ 0+, it holds that 
- For aU / e C°^{M), 



(x)i: 



It follows from Propo- 



Str 



0<a<n j>0 
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MS 



f{x)Aj{x)\dx\ 



- For all X £ M^, a = 0, 2, • • • , n, 

It then follows that both asymptotics (|9.ip and (|9.2p are equivalent to the following: for all x £ M^, 
a = 0, 2, . . . , n, it holds that 



^0(2:) = • • ■ = = and Aii(x) = (-i)5(27r)" 



(a) 



Whence the lemma. □ 

We are thus reduced to proving the asymptotic (|9.2p for any given point xq € M^. In view of 
Remark l8.8[ given any Volterra ^fDO parametrix Q defined near xq, we have 



(9.3) /(^2+a^)-i(a;o,i) = Iqix^^t) + 0(i°°). 

As a result we may replace the Dirac operator by any differential operator that agrees with 
pg in any given local chart near xq. In other words, this enables us to localize the problem and 
replace p^ by an operator on M" and acting on the trivial bundle with fiber , the spinor space 
of R". 

We proceed as follows. Let ei,...,e„ be an oriented orthonormal basis of T^gM such that 
ei, . . . , Ba span T^gM'^ and Ca+i, span J^^g- This provides us with normal coordinates 

{x^, - ■ ■ , x") — >■ exp^^ {x^ei + • • • + a;"e„). Moreover using parallel translation enables us to con- 
struct a synchronous local oriented tangent frame ei{x), . . . , e„(a;) such that ei{x), . . . ,ea(x) form 
an oriented frame of TM^ and ea+i{x), . . . , e„(a;) form an (oriented) frame A/"*^ (when both frames 
are restricted to iW^). This gives rise to trivializations of the tangent and spinor bundles. Using 
these coordinates and trivialization, we let _p be a Dirac operator on M" acting on the trivial bun- 
dle with fiber associated to a metric which agrees with the metric g near a; = 0. Incidentally, 
p agrees with p^ near x — 0. 

Notice that ej{x) — dj at a; = 0. Moreover, the coefficients gij{x) of the metric and the 
coefficients uiiki ■= (Vf ^^e^, e;) of the Levi-Civita connection satisfy 

(9.4) g,,{x) = % + Odxp), u.kiix) = -ii?yfe/x^' + Oi\x\^), 

where Rijki '■= {R'^^^ {0){di, dj)dk, di) are the coefficients of the curvature tensor at a; = (see, 
e.g, [BGVl Chap. 1]). 

In order to simplify notation we shall denote by (p' the endomorphism (p' (0) of R" . We shall 
use similar notation for 0''^(O) and 0^(0), where the former is regarded as the element of S0(5) 
such that 

1 

4>^ 

Let A(n) = A^R" be the complexified exterior algebra of R".We shall use the following gradings 
on A(n), 

A(n)= A^(n)= A'^-\n), 

l<j<n l<k<a 
l<l<b 

where A^ (n) is the space of forms of degree j and A'^''(n) is the span of forms dx"^^ A • • • A 
with 1 < ii < • • • < ifc < a and a + 1 < ik+i < ■ ■ ■ < ik+i < n. Given a form u G A(n) we shall 
denote by cj^^' (resp., w'-'^''-') its component in A^(ri) (resp., A'^''(ri)). 

Let Cl(n) be the complexified Clifford algebra of R" (seen as a subalgebra of EndA(r7,)) and 
denote by c : K{n) — > Cl(n) the linear isomorphism given by Clifford multiplication. Composing 
with the spinor representation Cl(n) — > End^^^ (which is an algebra isomorphism since n is even), 
we get a hnear isomorphism c : A(n) -> Endj^„. We denote by a : End^„ — >■ A(n) its inverse. 
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Recall that, although c and a are not isomorphisms of algebras, we observe that if ujj E A'^^^'j (n), 
j = 1, 2, then 

(9.5) a [c{uji)c{uJ2)] = ioi A LU2 mod ^ K^'\n), 

(k,i)eic 

where K, consists of all pairs {k, I) such that, either fc < fci + fc2 ~ 2 and I < li + 12, or k < ki + k2 
and I < li + I2 - 2. 

In the sequel, for a form uj G A(rt), we shall simply denote by the Berezin integral 

|[j;(*>o)|(a) q£ component w^*'^^ in A*'°(n). That is, is the inner product of ui with 

dx^ A--- A dx"-. 

Lemma 9.5. Let A E End^„. Then 

Str[0^A] = (-2i)*2-^det5 (l - 4)^) |(t(A)|(°'"). 
Proof. It follows from [GeTl Thm. 1.8] (see also [BGVl Prop. 3.21]) that 

(9.6) Str[/yl]dxi A • • • A da;" = (-2i)^cr[/A]("). 

As is an element of S0(6) there is an oriented orthonormal basis {wa+i, • ■ • , w„} of {0}" x 
such for j = I + 1, . . . , ^ the subspace Span{w2j_i, W2j} is invariant under (j/^ and the matrix of 
(f)^ with respect to the basis {v2j~i,V2j} is a rotation matrix of the form. 



*jWO w J 0111 W J 

sin 01 cos " 



exp 

Using [BGVl Eqs. (3.4)-(3.5)] we then see that 











< 6lj < TT. 



(9.7) 



n 



|)+sin(|)c(.^^-^)c(.^^)) 



where {w^^^, . . . , w"} is the basis of K^'^{n) that is dual to {wa+i, • • • , Wn}- 
It follows from (|9.7p that is an element of A'^'*(7i) and we have 



(0,fc) _ 



n 



sm 



r<J<t 



^ ^ A • • • A = 2-^det^(l - (l)-^)dx''+^ A • • • A dx", 



1 — cos 61 sin 9 
— sin 6' 1 — cos ( 



Combining this with (|9.6p and 



where we have used the equality 2 sin" 9 — 
using (|9.5p we deduce that 

Str[0^A]dxi A •• • A rfx" = (-2i)^2-^det^(l - (l)^)dx''+^ A ■ ■ ■ A dx'' A a[A]^'''°^ 
Contracting both sides of the equality with dx^ A ■ ■ ■ A dx" then proves the lemma. 



□ 



Let Q e ^-^( 



2('TB>n 



,^^) be a parametrix for_p + dt- Using (|9.3p and Lemma Wl5\ we get 



Str 



/(xo)/, 



{xo,t) 



Str 



*/Q(0,t)J +0(t°°) 

(9.8) = (-2i)t2-^dct^ (1 - 0-^) |(T[/Q(0,i)]|^°'"^ +0(t°°). 

We shall determine the small-time behavior of i7[/q (0, t)] \ ^"^'"^ by using considerations on Getzler 
orders of Volterra \l/DOs in the sense of jPol] . This notion is intimately related to the rescaling 
of Getzler jGe2] . which is motivated by the following assignment of degrees: 

(9.9) degdj = degc{dx^) = 1, deg9t = 2, degx^ = —1. 

As observed in |Pol) this degree assignment gives rise to a new filtration on Volterra Vl/DOs. 

Let e (R" X RJJ have symbol g(a;,C,r) ~ J2 r>m' Im'-rix, ^, t). Taking components 
in each subspace A-'T^R" and using Taylor expansions at a; = we get asymptotic expansions of 
symbols, 

(9.10) <T[q{x,tr)] ^ 5^a[g,„,..(a:,e,T)](^) ^ ^ ^^[9^"9^^5„^,_^(0, ^, r)](^-). 
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The last asymptotic is meant in the following sense: for i = 0, • • • ,n and all £ N, as x — > and 
Id + kl^ — ^ oo, we have 

(9.11) a[g(a;,C,r)]W- ^ gw-.(0, ^ r)](^-) = O r|r' (N + 1]^, r|ri)^) , 

r+\a\=N+j 

where we have set ||^, t|| := \^\ + \t\^ , and there are similar asymptotics for all c)^9^-derivatives 
(upon replacing the exponent m' by m' — — k). 

In addition, the degrees' assignment (|9.9p leads us to define (Getzler-)rescaling operators 5^, 
A G K, on Volterra symbols with differential-form coefficients by 

6lq{x,^,T) := A^g(A-ia;,Ae,AV) Vq e S*{R" x M" x R) (g) A^'(n). 

Notice that in (|9.10p each symbol x"d!^a[qm'-riO, ^, t)] is homogeneous of degree /x := m' — r + 
J — \a\ with respect to this rescaling. We shall say that such a symbol is Getzler homogeneous of 
degree /x. 

Moreover, the asymptotics (I9.10p imply that, in the sense of (19.111) . we have 

where g(^) (x, ^, r) is the Getzler-homogeneous symbol of degree fi given by 

(9.12) g(M)(^,e,r) J] |j-a[9,"5„V'-.(0, r)](^) , 

and m is the greatest integer fi such that gj-^) 7^ 0. 

Alternatively, in terms of the rescaling operators S^, for all {x, ^, r) e R" x R" x R, (f , r) ^ 0, 
we have 

<5>[(z(x, r)] ^ ^ A^g(^) {x, C, r) as A ^ 0. 

We observe that the homogeneous symbols q(fi){x, ^,t) are uniquely determined by the above 
asymptotic. In particular, the leading Getzler-homogeneous symbol (x, ^, r) is uniquely de- 
termined by 

(9.13) <5Ia[g(x,^,T)] =A'"g(„)(x,C,T)-f 0(A™-i). 

Definition 9.6 (^ |Pol| ). Using \9.12]) we make the following definitions: 

(1) The integer m is called the Getzler order ofQ, 

(2) The symbol q^m) called the principal Getzler-homogeneous symbol of Q, 

(3) The operator Q[rn) = Q(m)ix, D^^ Dt) is called the model operator of Q. 

Remark 9.7. As the Getzler-homogeneous symbol q(m){xT^,T) is linear combination of homoge- 
neous Volterra symbols with coefficients in A(n), we may define the operator q^„i-j{x, D^, Dt) as 
in (17. 9p . Notice also that Q(,„) is an element of ^* (R" x R) ® A(n), rather than an actual operator. 

Remark 9.8. As the symbol cr[3"9^(7m'-r(0, ^, r)]'-'^ is Getzler-homogeneous degree m' — r + j — 
\a\ < m! -\- n, we see that the Getzler order of Q is always < m -f n. 

Example 9.9. It follows from (|9.4p spinor covariant derivative vf — di + jU)iki{x)c{e'^)c{e'') has 
Getzler order 1 and its model operator is 

(9.14) Vf(i) := a, - ^Rijx', where % := ^ R™{0)dx'' A da;'. 

k<l 

In the sequel, we shall often look at symbols or operators up to terms that have lower Getzler 
order. For this reason, it would be convenient to use the notation Ocirn) to denote any remainder 
term (symbol or operator) of Getzler order < m. 

Notice that in view of (|9TT3)) a Voherra symbol q e S'*(R" x R" x R) (g) A*(n) is Ocim) if and 
only if, for all {x, ^, t) e R" x R" x R, (^, r) 7^ 0, 

(9.15) (51q(a;,C,r) = 0(A™) as A ^ 0. 
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Moreover, two Voltcrra symbols have Getzler order m and same leading Getzler-homogeneous 
symbol if and only if they agree modulo Ocifn — 1). 

Lemma 9.10 ( [Pol] ). For j = 1,2 let Qj e *;(M" x M,^„) have Getzler order rrij and model 
operator Q^mj) ^-''^d assume that either Qi or Q2 is properly supported. Then 

(9.16) Cr [Q1Q2] = Q(mi)(3(m2) + Og(to1 + TO2 - 1)- 

Example 9.11. By Lichnerowicz Formula, 

(9.17) |)2 = _g^.(vfvf-r^.vf) + J, 

where the Ff^ are the Christoffel symbols of the metric and k is the scalar curvature. Therefore, 
combining Lemma 19.101 with (|9.4p and (j9.14p we see that has Getzler order 2 and its model 
operator is the harmonic oscillator, 

n 

(9.18) HR■.= -Y,{^^--^R^3X^f■ 

i=l 

In the sequel, it would be convenient to introduce the variables x' = {x^ , ■ ■ ■ ,a;°) and x" = 
(x"+^,--- , x"), so that x = {x' ,x"). When using these variables we shall denote by (/(a;', a;"; ^',^";r) 
and Kq{x' , x" \ y', y"; t) the symbol and kernel of any given Q G x M,^^) (g) A(n). We then 

define 

(9.19) lQ{x',t):=l KQ{x',x";0,<j)^x"-t)dx", x'eR". 

Jr'' 

Lemma 9.12. Let Q G ^'*(R" x K,^) have Getzler order m and model operator Q(rn)- Then, as 
t 0+, 

(1) cr[/Q(0,<)](^) = 0(^ '""2'"' ) ifm~j is odd. 

(2) a[lQ{0,t)Yj'> =i^^^-i/Q^^^^(0,l)(j) +0(<^^^) ifm-j is even. 
In particular, for m = — 2 and j ~ a we get 

(9.20) a[/Q(0,t)]('^^") =/Q<_,,(0,l)('^^") + O(t). 

Proof. Let q{x, ^, r) '-^ J2k<m' 1k{x, ^, r) be the symbol of Q and denote by g(m) (a^, 5, t) its princi- 
pal Getzler homogeneous symbol. Recall that Proposition 18.41 provides us with an asymptotic for 
lQ{x,t) in terms of the symbol of Q in tubular coordinates. We shall use the tubular coordinates 
(x', w) e M° X R'' given by the change of variable, 

X = ^p{x', v) := exp^, {viea+i{x') H h VbCnix')) , {x' , v) eM." x 

where on the far right-hand side we have identified x' with (a;',0) G M". Notice that, as the 
original coordinates are normal coordinates, for all i; G R**, we have 

(9.21) 1^(0, v) = exp, {vida+i + ■■■+ Vbdn) = (0, v). 

Furthermore, in the sequel, upon identifying R" and x M'', it will be convenient to regard 
functions on R" x M" x M as functions on R" x R** x M'^ x R'' x M. 

Let q(x' , v; ly; t) ~ J2k<m' 'Ikix' , v; C , t) be the symbol of Q in the tubular coordinates, i.e., 
q{x' ,v]S^' , i^'tt) is the symbol of ip*Q. As in the tubular coordinates, the derivative (j)' is constant 
along the fibers of Af'^, we see that (f>^ too is fiberwise constant. Incidentally, in the notation 
of (|8.4p the symbols qf and qu agree for all k < m' . Bearing this mind. Proposition 18.41 shows 
that, as i 0"*^, 

(9.22) a[/Q(0,i)](^")^ t^-^"^ / ^(5>fe](^'))^O,O;O,(l-0^(O))z;;l)dz;. 

\a.\ — k even 
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Using (j9.2ip . the change of variable formula for symbols f |Hol Thm. 18.1.17]) gives 
qk{0, v; £,', v]t) = ^ aa/3(0, v)CD(qk (0, v\ ^' , v\ r) 

l-\P\ + h\=k 
2|7l<l/3| 

where the a^^(a;',w) are some smooth functions such that af}~f{x) — 1 when /3 = 7 = 0. Thus, 
(9.23) .[/,(0,0]^^-^- E ^ '""""-"""^' e 



|a|-/+|0|-|7| oven 
i<m', 2|7|<|/3| 

io/3(0,«)^ (a,V[C^i?fg,]^^^)^0,0;0, (1 - <^^(0))z;; l)di;. 



Notice that the symbol ti"(?"cr[(7;](^'' (0, 0; i'; r) is Getzlcr homogeneous of degree I + j — \a\. 
Therefore, it must be zero if ^ + j — \a\ > to, since otherwise Q would have Getzler order > m. 
This implies that in (|9.23p all the coefficients I^^p^ with I + j — \a\ > m must be zero. 

Furthermore, the condition 2 17 1 < |/3| and implies that — I7I < — ^1/31, and hence — I7I < —1 
unless /3 = 7 = 0. Therefore, if ^ + j - |a| < m and 2|7| < then tiiH~i+m-h\-i<^+2)) is 
O(t50-™-('»+2))) even is o(t^(J-"-(«+2))) if we further have Z + j - |a| < m or (^,7) ^ (0,0). 

Observe that the asymptotic (j9.23p contains only integer powers of t (non- negative or negative). 
Therefore, from the observations above we deduce that if to — j is odd, then all the (non-zero) 
terms in (1^:^ are 0(t50-"'-('^+i))), ^^^^ ^lence 



cr[/Q(0,t)](^^ = O 



Likewise, if to — j is even, then all the terms in (j9.23p with / + j — jaj 7^ to or with Z — |q;| = m — j 
and (/3,7) ^ (0,0) are 0(t^(J-"'-'^)). Thus, 

(9.24) .[/Q(0,t)]«=i-^ E ^^L + 0(^"^)- 

l—\a\—rn—j 

To complete the proof it remains to identify the coefficient oft"' * J ^ ' in (|9.24p with /q^^^ (0, l)^-'). 
To this end observe that the formula (|9.12p for at x' = gives 

(Z(,„)(0,,;;^,z.;r)(^) = E ^9," (afel^^)) (0, 0; i^; r). 

fc+j— |q|— m 

Thus, 

/q,„,(0,1)(^")= E / ^(aM'Z™-,+H](^^)''(O,O;O,(l-0-^(O))t,;l)dz; 

k—\a\—m~j 
l-\a\=m-j 

This completes the proof. □ 
In the sequel, we shall use the following "curvature forms" : 

R' :— {Rij)i<ij<a and R" :— {Ra+iM+j)i<i,j<b- 
Notice that the components in A*''^(n) of R' and R" are i?"^*^*(0) and i?-'^*(0) respectively. 

Lemma 9.13. Let Q e *-2^R" x M,^„) be a parametrix for p'^ +dt. Then 

(1) Q has Getzler order —2 and its model operator is {Hji + dt)^^ . 

(2) For all t > 0, 
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Proof. The first part is contained in |Pol[ Lemma 5]. The formula for I(^Hj^^g^j-i{0,t) is ob- 
tained exactly like in [LMI p. 459]. For reader's convenience we mention the main details of the 
computation. 

The kernel of {Hj^ + dt)^^ can determined from the arguments of [Ge2_,. More precisely, let 
A € so„(M) and set B — A* A. Consider the harmonic oscillators, 

Ha :=- Y1 {^^ + V^A,JX^)^ and Hg := - df + ^{Bx,x). 

l<z<n l<i<n 

In particular substituting A = ^\/—lR in the formula for Ha gives Hn. In addition, define 
X := \/^^ Ayx^9j = y^^A.jix'dj - x^di). 

i,j i<3 

Notice that Ha = Hb + X. Observe also that, as X is linear combination of the infinitesimal 
rotations x^dj — x^di, the 0(n)-invariance of Hb implies that [HbtX] = 0. Thus, 

(9.26) e'^"'^ = e-*^e-*-f^« Vi > 0. 

The heat kernel of Hb is determined by Melher's formula in its version of |Ge2| . We get 

(9.27) K(H^+d,)-^{x,y.t) = (47rt)-tdet3 cxp (^-leB(a;, y, i)^ , i > 0, 

, / tyfB \ I t^jB \ „/ t^jB 

^ ^ \tanh(^^/B) / \tanh(</B) / \sinh(i/B) 

where VB is any square root of B (e.g., \/B = ^—lA). Notice that the r.h.s. of (|9.27p is actually 
an analytic function of (a/B)^- 

Observe that for t e R the matrix e~*^/~^"^ is an element of 0(n), since in a suitable orthonormal 
basis it can be written as a block diagonal of 2 x 2 rotation matrices (with purely imaginary angles) . 
Moreover, the family of operators u — ?> u(e~*^'^'^), t G R, is a one-parameter group of operators 
on L^(R") with infinitesimal generator X, so it agrees with e~*"^ for t > 0. Combining this 
with (p:^ and (|07)) then gives 

K(HA+dt)-^{x,y,t) = (47rt)-*det^ ( sinh^t/S) ) ^"^^ ("^^^(2;, i/, t)^ , 

/ \ , / \ n/ -ts/^A 



QAix,y,t) := { r^x,x) + ( ^w,w)-2( ^ x,y), 

^ \tanh(iVB) / \tanh(tVB) ^/ \smh{tVB) ^/ 

where we have used the fact that e^*'^^^^ is an orthogonal matrix. Substituting A — ^\^—lR 
and a/B = then gives the kernel of {Hfi + dt)^^ . We obtain 

tR/2 \ ( 1 



(9.28) i^(ff,+a,)-i(x,2/,0 - (4^i)"~det^ (, sinh(tfl/2) ) (^"i^^^^^' y' ^) j ' ^^^^ 
I tR/2 _\ , / tR/2 \ J tR/2 



\tanh(ti?/2)^'7 + \tanh(ti?/2)^'V " % sinh(ti?/2) ^ ^'^ 
We are ready to compute /(jj^+g^)-! (0, t). From (|9.19p and (|9.28l) we get 

(9.29) /(..,o.)-(0,0 = (4.r^det^ (-^) -p (-^e(.,t)) d., 

where Q{v,t) := Q r{v , cj)-^ v , t) . Set ^ = As [0-^,^/] = 0, we see that 
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Observe that 

(cosh^- (0-^)"'e^) 



cosh si 



= + e-^ - 



Therefore, using the formula for the integral of a Gaussian function and its extension to Gaussian 
functions associated to form-valued symmetric matrices, we get 

1 



exp 



<d{v,t) dv 



Observe that det 2 



exp 
(47r)5det 

4M\ 



-1/. 



At \ sinh £/ 
sinh jz/ 



det 2 



1 - 



det 2(1- 



e-^ { 1 - ) ) = det~3 (1 _ (f/^)^ go using ((0^)) we get 



^(H..+a.)-i(0,i) = (47r)-tdet-5 (l - 0-^)det^ (- 

\si 

This proves (I9.25P and completes the proof. 



<i?72 



sinh(ti?'/2) 



def 



1 



□ 



Let Q e 



be a parametrix for + dt- The first part of Lemma [9.131 savs 



that Q has Getzler order —2 and its model operator is {Hji + dt) ^ ■ Therefore, using (|9.8p and 
Lemma 19.51 we get 



Str 



(9.30) 



(a:o)/(^^+a,)-i(xo,i)] = (-2*)t2-5det^ (l - 0^) |a[/Q(0, + 0(t°°) 
= (-2*)t2-tdeti (1 - 0^) I V„+a.)-(0, • 



As the components in A*'°(n) of the curvatures R' and i?" are i?^*^*(0) and i?-'^'''(0) respectively, 
from (|9.25p we get 

(a,0) 



(4^)- 



det^ {l~(jy^) 
(47r)-t 



det 2 



det 2 (1 - (/A) 
Combining this with (j9.30p then gives 



sinh(i?™*(0)/2) 
A{R'''\Q))^u,(R^\Q)) 



det-^ (l-c^^e-*^"' (°) 

(a,0) 



Str 



i(i?™*(0))A^^(i?^^0)) 



(a.O) 



0(t), 



This proves (19.21) and completes the proof of the local equivariant index theorem. 

Let us now indicate how the previous arguments enables us to prove Proposition 16.51 

Proof of Provosition \6.5\ Let f^ , f^ , . . . , f^ be smooth functions on M and set 



r2k 



2k^ [q. 



g^J J tr-g7 

where the notation is the same as in (|2.8p . We would like to prove an asymptotic of the form (16.61) 
for Str 



as i 0+. Since Proposition 18.71 provides us with full asymptotics for 



Str 



and Ip^ a{p^+dt) (-^j ^I'guing as in the proof of Lemma l9.4l shows that in order 
to prove (|6.6p it is enough to show that 
(9.31) 

r (-z)tt-''X27r)-t|c.fe(a;o)|('^)+0(i-^-+i) if a = 0, 



Str 



if a =^ 0, 



where 



Wfe := i(i?^*'^") A i^^ (i?-^") A /Od'/i A • • • A d'/^^ 
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Let Q e ^^^(i^n ^ R,^^) be a Voltcrra parametrix for + dt- Then, exactly like in (|931) 
and (|9.8p . we have 
(9.32) 

Str [/(xo)/p^ ^(^2+9^)-i(a:o,t)] = Str [//p,_^q(0, t)] + 0(t°°) 

(9.33) = (-2j)t2-tdet^ (l - 'Z'^) k[^P.,„Q(0, 011^"'°^ + 0(t°°). 

Notice that Pk,a = f°c{df^)^°'^'i ■ ■ ■ c{dp'')^°'^''l Assume that a = 0. Then Pk^o has Getzler 
order 2k and model operator n(2fc) := /"(0)d/i(0) A • • • A dp''{Q). Thus by Lemma QUI and 
Lemma [9. 131 the operator Pk.aQ has Getzler order 2fc — 2 and model operator Ii-{2k){HR + dt)~^ ■ 
Applying Lemma l975l we then see that, as < — > 0+, 

^[^p.,oQ(0,i)]^"^°^=^-'=/n,,„(//.+a.)-(0,l)^'^'"^ + 0(t-'=+i) 

= t-^ [n(2,) A V.+ao- (0, 1)] "-^^'^ + 0{t-^+^). 

Combining this with (|9.33l) and the formula (|9.25p for /f^^+g^)-! (0, t) we obtain 

Str [0^a;o)/p,^(^.+a,)-i(a;o,t)] = {-i)'it-\2^)-^Ukm^^'°'^ + O {t'^+^) , 

which is the asymptotic (|9.3ip in the case a = 0. 

Suppose that a ^ 0. Then Lemma [9.101 implies that 

(r[PkA = fmHR, d/^(0)]["^I • • • [Hn, df''{0)]^'''>'^ + 0G{2k + 2\a\ - 1) = 0G(2fc + 2\a\ - 1). 
Thus, Pk^a has Getzler order < 2k + 2\a\ — 1, and hence Pk,aQ has Getzler order <2k + 2\a\ — 3 
by LemmalUni It then follows from Lemma EH that cr[/p^,„Q(0, i)]^"'"' = O , and 

so using (j9.33D we immediately see that 



Str 



/(^o)/p,,„(^^,+0.)-(^o,t)] = O . 
This completes the proofs of (I9.3ip and Proposition 16.51 □ 
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